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Background

The A-hypergeometric system H (A;β) is a system of PDE’s whose
solutions are meromorphic functions on the affine space CA.

The principal symbol of H (A;β) is the principal A-determinant
EA ⊂ CA...

...and we have a monodromy representation

M(β) : π1(CA \ EA;w)→ MA(β).
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Background

M(β) : π1(CA \ EA;w)→ MA(β).
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Background

Problems:

I Does there exist a Mellin–Barnes basis of solutions?

I Is the fundamental group generated by amoebic paths?

Series M–B α1 = π1

F1, G2 T T

F2, F3, H2 T T

G1, H3, H6 T T

H1 T T

H4, H7 T T

G3 T T

H5 T T

F4 F F
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Amoebas

Rk Log←−− (C∗)k
Arg−−→ (S1)k

Definition

Let Z ⊂ (C∗)k. Then, the amoeba of Z is the projection

A(Z) = Log(Z),

and the coamoeba of Z is the projection

C(Z) = Arg(Z).
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Amoebas

from [Gelfand–Kapranov–Zelevinsky]
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Amoebas
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Amoebas

Amoebas are one part algebraic and one part combinatorial.

f(z1, z2) = 1 + z1 + z2

A Z N

Theorem (Forsberg–Passare–Tsikh)

Let f ∈ C[z1, . . . , zk], with Newton polytope N . Then, there is a map

ordf : π0
(
Rn \ A

)
↪→ N ∩ Zk.
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Amoebas
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Amoebas

Coamoebas are one part algebraic and one part combinatorial.

f(z1, z2) = 1 + z1 + z2

C Z N
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Amoebas

The A in “A-hypergeometric” stands for the support set of the
quasi-homogenization fh(z0, z) = z0f(z).

Gale duality: AB = 0.

f(z1, z2) = 1 + z51 + 80 z21z2 + 40 z31z
2
2 + z31z

4
2 .

A =

 1 1 1 1 1
0 5 2 3 3
0 0 1 2 4

 and B =


2 4
1 1
−4 −10

0 5
1 0


The dimension is n = rank(A)− 1 and the codimension is m = rank(B).
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Amoebas

Let A = {α1, . . . , αN} with Gale dual B> = {β1, . . . , βN}, and consider
the Zonotope

Z =
{ π

2

N∑
i=1

λi βi

∣∣∣ |λi| ≤ 1
}
⊂ Rm.

Theorem (F. & Johansson)

Let f ∈ C[z1, . . . , zk], with dual zonotope Z. Then, there is a map

corf : Z◦ ∩
(
ξf + 2πZm

)
↪→ π0

(
(S1)n \ C

)
.
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Fundamental Groups

Rk Log←−− (C∗)k
Arg−−→ (S1)k

Let Z ⊂ (C∗)k be fixed. We write

A = A(Z) and C = C(Z).

For x ∈ Rk, let
Cx = C(Z ∩ Log−1(x)).

For t ∈ (S1)k, let
At = A(Z ∩Arg−1(t)).
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Fundamental Groups

Each x ∈ Rk defines an inclusion

ιx : (S1)k \ Cx → (C∗)k \ Z

by t 7→ (x, t). Hence, we get an inclusion

π1
(
(S1)k \ Cx; t1, t2

)
→ π1

(
(C∗)k \ Z; z1, z2

)
where z1 = (x, t1) and z2 = (x, t2). We call en element in the former
fundamental group an angular move.

This situation is the most interesting if x ∈ Rk \ A, so that Cx = ∅,
and t1 = t2 = t. Then, we obtain an embedding

Zk ' π1
(
(S1)k; t

)
→ π1

(
(C∗)k \ Z; z

)
,

where z = (x, t).
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Fundamental Groups

Consider π1
(
(C∗)2 \ Zf ; z

)
, where z = (x, t).

That is, there is a canonical embedding

ϕ : π1
(
(S1)2; t

)
↪→ π1

(
(C∗)2 \ Zf ; z

)
.
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Fundamental Groups

Each t ∈ (S1)k defines an inclusion

ιt : Rk \ At → (C∗)k \ Z

by x 7→ (x, t). Hence, we get an inclusion

π1
(
Rk \ At;x1, x2

)
→ π1

(
(C∗)k \ Z; z1, z2

)
where z1 = (x1, t) and z2 = (x2, t). We call en element in the former
fundamental group a modular move.

This situation is not very interesting if t ∈ (S1)k \ C, so that At = ∅,
and x1 = x2 = x, for then

π1
(
Rk;x

)
= 0.
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Fundamental Groups

Consider π1
(
(C∗)2 \ Zf ; z

)
, where z = (x, t).

That is, each Ej ∈ π0
(
R2 \ A

)
gives an embedding

ϕj : π1
(
(S1)2; t

)
↪→ π1

(
(C∗)2 \ Zf ; z

)
.
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Fundamental Groups

Consider π1
(
(C∗)2 \ Zf ; z

)
, where z = (x, t).

That is, each Ej ∈ π0
(
R2 \A

)
and ρj` ∈ π0(R2 \At) gives an embedding

ϕj` : π1
(
(S1)2; t

)
↪→ π1

(
(C∗)2 \ Zf ; z

)
.
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Fundamental Groups

Definition

The amoebic fundamental group is the subgroup

α1

(
(C∗)2 \ Zf ; z

)
=
〈
Im (ϕ1), . . . , Im (ϕK)

〉
⊂ π1

(
(C∗)2 \ Zf ; z

)
.

Question

Under what conditions is

α1

(
(C∗)2 \ Zf ; z

)
= π1

(
(C∗)2 \ Zf ; z

)
?
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Fundamental Groups

Proposition

Let ` ⊂ R2 be a piecewise smooth curve segment from x1 ∈ E1 to
x2 ∈ E2 intersecting the spine S of the amoeba in an edge with
primitive integer tangent vector k = (k1, k2). Then,

γk1
11γ

k2
12 = γk1

21γ
k2
22 .
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Fundamental Groups

Proposition

If f is a univariate polynomial, then

α1

(
C∗ \ Zf ; z

)
= π1

(
C∗ \ Zf ; z

)
if and only if all roots of f are separated in moduli.
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Fundamental Groups

Definition

An amoeba A is maximal if its order map is surjective.

Conjecture

If the amoeba A is maximal, then

α1

(
(C∗)2 \ Zf ; z

)
= π1

(
(C∗)2 \ Zf ; z

)
.

...but if A is maximal then typically Zf is nodal and intersects the
boundary of (C∗)2 transversally...
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Fundamental Groups

Corollary

Let A be a configuration of codimension m = 1, and let DA denote the
reduced principal A-determinant. Then,

α1

(
C∗ \DA;w

)
= π1

(
C∗ \DA;w

)
.
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Fundamental Groups

Proposition

Let DAdenote the A-discriminant and EA the principal A-determinant.
If C 6= (S1)2 and

a) Log : EA → A is 2-1 outside of the preimage of the contour

b) Arg : EA → C is 1-1 outside of the preimage of the shell

c) The lattice width of N (DA) is at most 1.

then
α1

(
(C∗)2 \ EA; z

)
= π1

(
(C∗)2 \ EA; z

)

Series Principal A-determinant

F1 and G2 (1− z1)(1− z2)(z1 − z2)
F2, F3, and H2 (1− z1)(1− z2)(1− z1 − z2)
G1, H3, and H6 (1− 4z1z2)(1− z1 − z2)
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Fundamental Groups

Series Principal A-determinant

H4 and H7 (1 + 4z1z2)(1− 2z2 + z22 + 4z1z2)

H1 (1− z1)(1− z2)(1− 2z2 + z22 + 4z1z2)
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Configurations of Dimension 1

Consider the case of n = m = 1. That is,

A =

[
1 1 1
0 k d

]
and B =

 d− k
−d
k

 ,
with gcd(k, d) = 1. We consider univariate trinomials of degree d:

f(z) = w0 + w1 z
k + w2 z

d.

Theorem

Let A = {0, k, d} with gcd(k, d) = 1. Then, the braid map

π1
(
(C∗)3 \DA;w

)
→ CBd,

into the cyclic braid group on d strands, is surjective.
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Configurations of Dimension 1

f(z) = w0 + w1 z
k + w2 z

d

Choose a basepoint with

|w1| � min
(
|w0|, |w2|

)
w(t) =

(
w0, w1, e

2πitw2

)
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Configurations of Dimension 1

The discriminant of the normalized polynomial

f(z) = 1 + w zk + zd

is a d-fold covering of the A-discriminant.
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Configurations of Dimension 1

Theorem

Let A = {0, k, d} with gcd(k, d) = 1. Then, the braid map

π1
(
(C∗)3 \DA;w

)
→ CBd,

into the cyclic braid group on d strands, is surjective.

Proof. The zonotope Z is an interval of length 2πd. Recall,

corf : Z◦ ∩
(
ξf + 2πZ

)
↪→ π0

(
S1 \ C

)
,

where ξf = d argπ(w).
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Configurations of Dimension 1

Corollary

If A = {0, k1, . . . , km, d} with gcd(k1, . . . , km, d) = 1, then
π1
(
(C∗)m \DA;w

)
' Z× CBd.

N.B., there might be no Mellin–Barnes basis of solutions.

A =

[
1 1 1 1
0 2 3 6

]
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Configurations of Dimension 1

Corollary

If A = {0, k1, . . . , km, d} with gcd(k1, . . . , km, d) = 1, then
π1
(
(C∗)m \DA;w

)
' Z× CBd.

[
1 1 1
0 2 6

]
[

1 1 1
0 3 6

]

The subset {0, ki, d} gives a braid which has gcd(ki, d) equidistributed
fundamental flips. Since gcd(k1, . . . , km, d) = 1, these braids generates
the full cyclic braid group CBd.

Jens Forsg̊ard (Utrecht University) Fundamental Groups and Amoebas 18 February 2020 29 / 32



Configurations of Dimension 1

Given

A =

[
1 1 . . . 1 1
0 k1 . . . km d

]
with

gcd(k1, . . . , km, d) = 1,

the monodromy group of the A-hypergeometric system, for
non-resonant parameters, depends only on d.

In particular, we can replace A by the codimension one configuration[
1 1 1
0 1 d

]
without changing the monodromy group. The latter admits a
Mellin–Barnes basis of solutions.
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Configurations of Codimension 2

Apell’s F4:

E(z1, z2) = 1− 2z1 + z21 − 2z2 − 2z1z2 + z22
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Configurations of Codimension 2

Thank you!

f(z1, z2) = 1 + z31 + z22 + z31z2 + z21z
2
2
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