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The twisted period relation is

(1—’y+a)(1—’y+ﬁ)2F1( )2F1<2757z>

— aByFy (7 17 B-1. 2) o Fy <1 v+a17v+5 )
=(l-7y+a+p)(1-7).
The coefficient of 2" (n > 1) is 0.

(@)i1(B)1 (=) (=B)m
(Vi1 2 =7)m(D)m

(1=7+a)l=y+8) 3

l+m=n

1
—af 3 (V—a-1iy=BF-1)i A=y + ) =7+ B)m_

(7)i(1); 2= Y)m(D)m

3/17



Examples

Appell’'s Fy

We consider a one dimensional integral

fr(2) = [p(z1 4+ za2) 7 (22 + 252) " (23 + 26%) " Px“w. In this
1 00100
case, the A matrix is given by A = 8 (1) [1) 8 (1) (1) and the
000111
1 0
C1 -1 -1
. 2 o 0 1
parameter vector is ¢ = . The B matrix is
C3 -1 0
Cq4 1 1
0 -1
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The secondary fan is the following.

b(1

We have (42 4) = 27\/— #ﬁg’_m We take
T = {1234, 2346,2456} and consider the toric infinity
corresponding to it. Taking a restriction to 2o = 23 = z4 = 24 = 1,

we obtain an identity for Appell's F}-series.
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c3
+ Ga(cy,ca,cq — C1,01 + €3 — C43—21, —25) X

(c14+c3—cq)(eg — 1)
(

o(—c1,—ca,01 — caycq — €1 — €35 —21, —25)

Q

c c1tca+c3—cq,c1,c3,
(Cl+02+c3—ci)(04—cl—03)Fl ( 14c14c3—cq 3 2125, 25) X

_l’_

Fy (7O R T 2 2, 25)
i c1+c2+c3

ca(cr +co +c3 —cy)
Here, we have put

/
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13 (a b ,x,y) = Z (sl ™y

m,n>0
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ARA- 5 R - 55 8 (Kimura-Haraoka-Takano)

fr(z):/r:

(Zoj+21j$1+22j$2)_cj €Z15z1+225z21}0171$§271d$1dl‘2
7=3

203 204 ¥
2= 1713 Z14 Z15
223 224 225

co=~c3+cCc4g—cCc1—C2
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7/17



Examples

The twisted period relation is

6 4
010203642 m%( )901 ( ) =1.

=

vy = "(—c3, —c4,co +c1,—C1)

vy = (—c3, —c2 + €3, —Cco — €1,C0)
="(—c3,—cy + €3, —c1, —Co)
t( €2 —03,—64,00)
t( —C2,C2 — €3,C0 — C4, —Co)
t( —C9, —C1, —Co + €4, —C4)
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p1(z;¢)

__,—C3 ,—¢4 cCotC1
=Z93 %24 o5

>

U13,U14,U03,u04 >0

—c1

215

1

(1 —c3— w1z —up3)l'(1 — ca — w14 — upa)

1

I'(1 4 co+ 1 + uiz + uia + uoz + woa)I'(1 — 1 — w13 — ur4)
1 u

u13'u4!uo3!upy!

formula above.

1, - - ~1 ~1 -
(223 225215 213)""* (294 2252715 214)"" (293 225203)""% (294 225%04)""
©Y (z;¢) is given by ¢; = —¢; and 215, 225 — —215, —225 in the
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p2(z;¢)

__,—¢3 ,—c2+c3
=Z93 %24

—co—cC1 ,Co
214

215

U25,U13,U03,u04 >0

1

1

(1 —c3 — w1z —up3)I'(1 — c2 + 3 — ugs + w1z + uo3)

I'(1 — co — c1 + ugs — w13 — uog — woa) (1 + co — uzs + uo3 + uo4)
(294 210215 225) "2 (253 224274 213) ™13 (293" 22421, 215.203) "% (21, 215 204) ™

ugsu13!u03 u04!
3 (z;¢) is given by ¢; = —¢; and 215, 225 — —215, —225 in the
formula above.
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@3(z;c)
— 22—363 224 2+c3

>

U25,U15,U13,u03 >0

—c1 ,—Co
214 04

1

(1 —c3 —u1z —uo3)I'(1 — ca + c3 — ugs + u13 + uo3)
1
(1 —c1 —u1s —u13)I(1 — co + uas + u1s — up3)
(294 204225)"2

(2141 204215)"

-1 -1

(293 224214 213)"13 (293 224204 203
u25!u15!u13!u03!

ey (2;¢) is given by ¢

formula above

)uos

—¢; and z15, 205 — —215, —295 in the
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pa(z;c)

!
__,—C2_ C2—C3 _,—C4 _Co
=Z93"%13

214 *15

1
ottt 0430 I'(1 — ¢ — ugq — ugs)I'(1 + c2 — €3 + uga + ugs — up3)
1

I'(1 — ¢4 — ugq — upa) (1 + co — ugs + uoz + uoa)
1 u

ug4!ugs o3 upy!

formula above.

-1 — -1 —1 U -1 — w
(293 213214 224)"?** (293 213215 225)"?5 (213 215203) "% (214 215204)""*
@y (z;¢) is given by ¢; = —¢; and 215, 225 — —215, —225 in the
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ug4!ugs 15 u03!
@Y (z;c¢) is given by ¢; = —¢; and 215, 225 — —215, —225 in the
formula above.

!

v5(z;¢)

__,—C2 _C2—C3_Co—C4 ,—CO

=Z237%13 F14  Ro4

> 1
(1 — cog — ugq — ugs)T(1 + c2 — c3 + uzq + uzs — up3)
U24,U23,U15,103 >0
1

I'(1+ co — ca — uga — uzs — urs + uo3) (1 — co + ugs + u1s — up3)

1 . 1 -1 - 1 -1
(293 213214 #24)"** (293 213214 204225)"% (214 Z04215)"1% (213 214204 203)™
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we(z;¢)

__ ,—C2_—C1 —CotcC4 —Ca
= %237 %13 %03

204

1
U24,U25,U14,U15>0 DL =2 —upg —ups)I(1 — €1 — u1g — wa5)
1
F(l —co + c4 + Uq + U5 + U4 + U15)F(1 —C4 — Uy — u14)
w

ug4!ugsuglugs!

(293 203204 224) "2 (293 203 225) "2 (213 203204 214) "4 (213" 203.215) ™1

o (z;¢) is given by ¢; = —¢; and 215, 225 — —215, —225 in the
formula above.
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Note that if we substitute

203

204 X 1 1 *
213 214 215 | =1 G G162
293 o4 225 1 Gi¢3

)
C162G3Ca
all the Laurent series ¢;(2;¢) and ¢ (z;c) above become power
series, i. e., they do not contain any negative power.
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ocC{l,..

Hypergeometric series at the torus fixed point
N}: an (n+ k)-dimensional simplex, i.e., the square
matrix A; = (a(j)) eo is invertible
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Theorem (M.-H. ArXiv1904.00565)

Suppose that four vectors a,a’ € Z"*! b, b’ € Z**! and a
unimodular regular triangulation T are given. If the parameter d is
generic, one has an identity

(z2hPLz x> pb'dr)
(2m/—1)"
=(=1)PHIly; -y (v = b)p(—y — B )

ﬂ.n-i-k ,Y_b _,Y_b/
Zﬁ@a (Z;( >)S% <Z;< />>
aETSlnﬂ—AU ) c+a —c+ a

near the torus fixed point corresponding to T'. Here,

dx __ dx dxy e F(

7—711/\"'/\?"' (y—=b)p = F(’yzb)’ and
_ _I'(=v)

(=7 =D = 15
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