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Newton polyhedron of an affine hypersurface

Newton polyhedron of an affine hypersurface 1

Laurent polynomial with deformation parameter
coefficients a := (a1, --- ,ay) € TN = (C)V,

F(x,xn,a) = xp(a1 + ax® + -+ - + ayx*V).  (2.1)

s.t. F(x,xn,a) € C[xT][x,,a] where
X:t = (X]:-t7 e 7X,:1|:71)7 {aJ}JN:]_ C Zn—l'

A(F) := convex hull of {aj}szl c R™ L,
a1 = {0} € A(F)™. (2.2)
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Newton polyhedron of an affine hypersurface

A(F) = convex hull of {&p}gzl u{0} cR". (2.3)

ap:<alp>.

This n—dimensional polyhedron is the Newton
polyhedron of

for

F(x,xp, 1) +1=x,f(x)+1 (2.4)

Associate to (2.1) a n x N matrix A,
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Outline Newton polyhedron of an affine hypersurface Stanley-Reisner ring and a bz f GKZ A—Hyperg

Definition

The cone
N
A= Z R>odp
p=1
is called Gorenstein if

(1) Y, Za, = 2.
(2) oy € (Z")Y sit. < af,ap >=1,VYp € [1, N].

A Gorenstein cone is called reflexive if its dual cone is
also Gorenstein (V.Batyrev-B.Borisov)

AN ={peR");<a,B>>0,Vac A}
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Newton polyhedron of an affine hypersurface

Reflexive Gorenstein Cone and Reflexive Polytope

Polar polyhedron of A(F) (V.Batyrev)

A(F) ={p e (R, < B,a>>—1, Va € A(F)}.

If A(F)* is also an integral polytope, A(F) is called
reflexive polytope.
For A(F) : reflexive polytope

(A(F)")" = A(F).

A(F) reflexive polytope <=
A= Zglzl R>oap : reflexive Gorenstein.
= F defines a Calabi-Yau variety.

Galatasa
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Newton polyhedron of an affine hypersurface

Reflexive polyhedra

Polar dual
polyhedra
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Newton polyhedron of an affine hypersurface

For A = A(F)

Y (A) = fan with rays {o’zp}gzl.

Toric variety Xy (a) (smooth <= ¥(A) : unimodular)

0 - 2" — ZEB)) = Ar1(Xgiz) — 0
m — (<m,ap >)2’:1

N
(ap)gzl = Zp:l apDp

with Ap_1(X5(a)) the Chow group (Weil divisors
modulo rational equivalence) of rank d := N — n of the
toric variety Xy (z).
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Newton polyhedron of an affine hypersurface

Gale transform of A (1)

Lattice L. ¢ ZN generated by d = N — n integer vectors,
ey +---+Pay=0, je[Ld].

L =al,z0) c ZV, (2.6)
where
am
a9

B: a (specially chosen) Gale transform of the N x n
matrix A i.e. £U), j € [1;d] are orthogonal to the rows
of A. . . ,

Z(J) = (ES_J)’ T )E%)% ./ € [1' d]7

by = (¢, D) pe LN
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Newton polyhedron of an affine hypersurface

Gale transform of A (2)

B = 5 = (by,---,bp) (2.8)

) = (o 4Dy, jend),
For every j € [1; d] define

1V = (penn; Y <o}
1D = {pelLn; @ > 0) (2.9)

1) = {pe1;Ny; e(f =0}

DG =4, Ny
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Newton polyhedron of an affine hypersurface

B
15T TV 22, 19 41, (2.10)
where
Blog a = log s

fors = expB(a) € T9 anda € TV, N = |Z(A)(1)).
lintroduce a deformation

F(x, Xn,8) = xn( ) 5x¥ + > x%). (2.11)
jeJg jeT

with | 7| = d.

Susumu TANABE Galatasa

GKZ Monodromy



Newton polyhedron of an affine hypersurface

Example, n = 4.

s s
F(x,xa,8) = xa(1+x1 + 32+ —— + x5+ —)
X1X2 X3

or

d4 de
F(x,xa,a) = xa(a1 + a2x1 + azxoc + —— + asxz + —)
X1X2 X3

defining the affine part of a bi-degree (3,2) K3 surface

in P2 x PL.
N=6,d=N-n=2.
010 -10 0 X1
A_| 001 -100 X0
000 0 1 -1 ] x3°
111 1 1 1 X4
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Newton polyhedron of an affine hypersurface
-3 S1
-2 S2

m
= (b1 by b3 bs bs bﬁ):<ﬂ2)>

I = {2,3,4}, 19 = (1}, (Y = {5,6}.
19 = (5,611 = {1}, 1§V = {2,3,4}.

The parameter transition:

11100
0 0011

doaszds ds dg

3 2 -
a a1
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Newton polyhedron of an affine hypersurface

GKZ A— hypergeometric function

Residue along

Ya={x € T 1 F(x,1,a) = a;x“'+- - -+ay_1xN-1+ay = 0}.

.. (a) ::/t( )F(x,l,a)
Ya

t(7a) € Ho_1(T™ 1\ Ya) : Leray's coboundary for
Ya € Hn—2(Ya) (= S1 fibration over Ya)-

_qdx
1;, (2.12)

Notations
zZ= (217"' ,Zd),
S:(Sl,"' 75d)7

We impose the condition : A(F) normal polytope i.e.

N N
Z'N> Reodp =Y Zsodp. (2.13)
p=1 p=1
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Outline Newton polyhedron of an affine hypersurface Stanley-Reisner ring a sKZ A—Hypergeometric

Proposition
1) The GKZ A—HGF ¢, (a) € Sol (A-GKZ HGS)

(T1 G2 - T1 G2 #e@ =0, jelid,

pel? pelt)

where L = @¢_, ZIV) (2.6).

0
Z apapa—alJCD(a) =0 (weighted homogeneous of degree = 0)

Zap = —®(a) (w. homog. of degree = —1).
63,,

2) dim. Sol (A— GKZ HGS) = (n— 1)!vol,_1 A(F).
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Newton polyhedron of an affine hypersurface

Mellin-Barnes integral representation

For Vs :={x € T" L f(x,1,s) =
D ieg XY+ 50y x =0} [J|=d=N-n
period integral

. (s) ::/{( )f(x, 1,5)—1;’%, (2.14)
Y

for t(y) € Ho1(T™71\ Y6), v € Hpa(Y5s).

Mellin-Barnes integral : multiple power series
convergent in an open V, C (Cd:d)(f)(s) =

Z Res,—3(1— < b1,z >) H M(— < bp,z>)p,(2)s%,
ich, 2<p<N

where 3., (z): periodic ¢~(z + 20) = v, (z) Vzo € Z7.
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Newton polyhedron of an affine hypersurface

Define

ol)(s) = > Res,—; [[ T(— < bpz>)p(2)s,
icP, 1<p<N
(2.15)
Suffix p € [1; Q]
< T, regular triangulation.
+» vertex of the secondary polytope of A
<+ P, : support of the power series <> cone — va
<V, domain of convergence <+ cone C, .
Here P, :

— <bp,z>€ Z<g forpe J, C[1;N] (2.16)

where 7, C [1; N], |J,| =

rank(bp)pejp =d s.t.C, = Zpejp Rzobp. If Cp
simplicial.
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Newton polyhedron of an affine hypersurface

Secondary polytope, secondary fan

G G
G

T2 < G GeT

T GoT
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Newton polyhedron of an affine hypersurface

Cones associated to secondary fan

¥ math??

< e

ivons
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Newton polyhedron of an affine hypersurface

Cbgyp)(s) satisfies HG system of Horn type,
(Hpe/£'>(‘ <0y, 0, >),0 — 51,0 (~ < b0, >)eg'>> ol
=0, Vjell;d], where
()m = ala+1) -+ (a+m—1),
the Pochhammer symbol.

R
1851’ )dasd .

Differential operators on the algebraic torus.

0, = (
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Newton polyhedron of an affine hypersurface

Example, n=4. Continuation

Notation e(z) = 2.

®y(s) = ) Res,—5M(321422,)1 (—21)*T (~22)%p4(2)s°dz.
zeP,

) = (e (L)
LG

(D’YO(S) =

Vser, Resez CH ARGy (677 51) (71 52) dzn

holomorphic near (s1, ;) = (0,0) for Py = (Z>0)>.

e.g.

Dimension Sol (GKZ A-HGS) = 6 = 3lvol(A(F)).
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Outline Newton polyhedron of an affine hypersurface Stanley-Reisner ring and a basis of GKZ A—Hypergeometric

(Stanley-Reisner ring) Convex polyhedron ACR”
:convex hull of

A:(al aN)

triangulation T of A define the Stanley-Reisner ring for
® = (Nl:"' 7MN)7

RA:T = Z[u]/(Ilm = Imon); (31)

m I, = <Z,N:1 <uv, a; > ,u,->, VuV e (Z")V.

™ Tmon = (piy * Hip - - i) for
convex hull{aj,,--- , &} not a simplex in T.
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Stanley-Reisner ring and a basis of GKZ A—Hypergeometric

Q1] /Ziin = Q[A] with XA = (A1, -+, Ag) in such a way
that
7?/A,T ® Q = Q[)‘]/j—mon (32)

The ideal Zmon in (3.2) can be written as

mon—<H <bp, A >, H <bp,)\>>

pel pel
. . (3.3)
for IE) ={pell; N];é(pJ) > 0}.
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Outline Newton polyhedron of an affine hypersurface Stanley-Reisner ring and a basis of GKZ A—Hypergeometric

The ideal Zcore of Z[p] is defined as a principal ideal
generated by a monomial

Hcore = H Hp-

Define B
R/.\;]’ = RA,T/Ann(Icore )

In view of (3.2)

7?/A,T X Q = 5\core . Q[A]/imon

for Acore = Hpeﬁjl(j) < bp,A > .
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Stanley-Reisner ring and a basis of GKZ A—Hypergeometric

Basis of GKZ A— HG solutions

Theorem

(J.Stienstra )

(1) The cone N defined by the matrix A be Gorenstein.
A(F) : normal polytope.

diso : Hom(Ra 1, C) = sol ( GKZ A— HGS) with
dimension= (n — 1)!vol,_1 A(F).

Jinj : Hom(Ra 7,C) < sol (GKZ A — HGS).

Ra1 := Ra7/Ann( H < bp, A >).

pen; 19
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Stanley-Reisner ring and a basis of GKZ A—Hypergeometric

(2) If the the cone A is reflexive Gorenstein(+ natural
conditions on Acore), We have

Ra1®C = H (Xg(a), C),
with XZ(A) : smooth projective toric variety.
RA T = RA T/Ann( COfE') H;.forlc(W Z)
= image (H*(Xg(a), Z) — H* (W, Z)),

where W : a Calabi-Yau hypersurface in Xg(a)
constructed by the polar polyhedron A(F)*.

7_€A77— ® O = WoH(T" {xaf(x,1,8) +1=0}) @ O

= W, 1 H™ (T 1 {f(x,1,s) =0}) ® O
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Stanley-Reisner ring and a basis of GKZ A—Hypergeometric

Example n = 4 continuation

RAJ’ = Z[M]/(Ilin + Imon) = Z[/h;, N6]/ <MZ, ,u%>

= 3 e 2ix o ZAT Ak =2 HH (P2 x P1),
rank = 6 = 3!VO/JA(F)).

6
Liin = <Z [ips 12 — [a; 13 — [, [i5 — u6> see A
p=1

Tmon = (p2f13f4, pisjie) See B
RAT = 3 kep.2)xfo.1) LAY A2*/Ann(=3A1 — 2X;)
2L PDILIN D LIy ® LA = torlc(W Z)
Ann(—3)\1 — 2)\2) = <)\%>\2, 3)\1 — 2A1>\2> .
W : generic bi-degree (3,2) K3 surface in P2 x P!,
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Singular loci of GKZ A-HGF

Discriminantal loci D € C? of the family of varieties
Ys = {x € T f(x,1,s) = 0}.

s€ D <= Y;:singular.

Amoeba Log(D) : Log(D N (C*)9) by
LOgZ (517 B Sd) = (|Og |51|a SRR |Og |5d‘)'
Disjoint components M,, p € [1, Q]

U? M, =R\ Log(D)

Q® := number of vertices of the "secondary polytope”
(= the reduced defining equation of D) of A.

V, = Log}(M,) c C\ D.
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Proposition

(GKZ,Passare-Sadykov-Tsikh, Borisov-Horja)
¥YM, C R?\ Log(D), p € [1; Q], I7?) € RY such that

C, + v c M,
Convex hull (P,) in RY = —C}.

C) ={weR% <w,v>>0Vve(}
,(s) € Oy, for all vy ie. Yoo (z)
(¢+(z+20) = ¢5(2), V20 € Z7).
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d,(s) = Z Res,—3 H M(— < bp,z >)p,(2)s?,
icP, 1<p<N
(4.1)
Suffix p € [1; Q]
<+ regular triangulation 7,
> vertex of the secondary polytope of A
< P, : support of the power series <+ cone — C,;/
<+ V, domain of convergence <+ cone C, .
Here P, :

— <bp,z>€ Zcg forpe J, C[1;N] (4.2)

where 7, C [1; N], |J,| = rank(bp)pez, = d.
(bp)peys, : generators of the cone C,. If C, simplicial.
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Amoeba of 51 = (375

Example n = 4.
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Amoeba (D for Example n = 4.) and its recession
cones
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GKZ A-HG Series

A : Gorenstein cone. A(F) : normal polytope.

Consider a Ra7.c = Ra7®C (or Ra1.c :=Ra®C)
valued solution to GKZ (or equivalently to Horn HG
system)

Oi(s,A) == > @w(m+A)s™ inRar @Oy,
me(Z>o)?
(4.3)
with
1

[Ih_ T(<bp,z>+1) 44

w(z) =
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For '
Pol(z') = I}, 5T

®1(s,A) = Res,c(z )@ (z + )‘)e(%i—l Pol(z')s?t>

sz+)\ d 1
- I (=) =
(—e+iR)? [Ipmy T(<bpz+ A > +1) 2y N1 — e(z)
= ZmE(ZZO)d w(m + A)sm-i-)\

Hpel(,l
2me(Z0)? T ) T(<bqmix>+1)

y Tl sin(—m<bp,m+A> ) (—<bp,m+A>)

)sm—&—)\.
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Mellin-Barnmes contour throw
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Groupoid Lemma

Now we consider the analytic continuation of the series
®1(s, A) convergent in V; (near s; = 0) to V> (near

51 = 00.) Here e(z) = €27,
N = 1 bp, A
i —e ,
Resz_lRes(Zzo)Hm gl) 1- e(<([i,, (pzl, /\?))>)
Pol(2)ww (21,2 + )\f))slz_ls/z/“".
Res;. means the summation of residues along

Z1

B(,l)(m'—i-)\') = Upel(_l){z]‘; < bp, (z1,m' + X') >€ Z>o}

form’ € (Zzo)d_l.
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Cones associated to secondary fan

¥ math??

< e

ivons
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Supports P, of the HG series ® (s, A).

B =2, @+ Bt
Al =(1,0)
e ={0,1)
A =(2,-3
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Amoebas of the discriminantal loci

Lag(b)

Logi¥y)
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The result of the analytic continuation process ®1(s, A)
Vi =+ Vo=V

 oni 1— e(< by, A >)
R P
Sz — M) — 1 11 1— e(< by, (21, N) >)
P

®

el

1—e(—<bg,(z1,X) >)
1—e(— <bg,(C1,N)>)

ResZ:Res(ZZO)dfl Pol(Z) H
qelf)

(1,2 + X)sfls/z/.

27i
— W
e(Gi—z1)—1

Resg: : for m’ € (Z>0)9! sum of residues along
B (m/+X) = U__ 0 {Gii < b, (G m'+X) >€ Zo}.
+
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Monodromy effect of a clockwise turns around
s1 =0,00:

Res— 2mie(z1) 1—e(<bp,A>)
2 6(21 — )\1) -1 1-— e(< bp, (21,)\/) >)
pel(_l)
1—e(—<bg,(z1,X) >)

+ /
Res, Res(z,..4)¢-1Pol(Z') H 1—e(— < bg, (C1, V) >)

1
qeli)

@ (1,7 4 N)ss'sZ .

27
e(¢i1—z)—1

Monodromy along a loop avoiding the discriminantal
loci in 53 # 0,00 in clockwise way;
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Monodromy theorem

(P.R.Horja, 1999) Y : Calabi-Yau hypersurface defined
by a reflexive polytope A(F).

The monodromy of ®1(s) along a loop avoiding

s1 = 0,00 in a clockwise way;

®1(s,A) = Pa(s,A) = 2mi [ (1—e(< bp, A >))
(1)

pel

@(C1,2 + N)Pol(Z)ss"? )

Res™ R -
esCl eS(ZZO)d ! <H y 1l — E(— < bqy (Clv)‘l) >)

@
q€ely

Here e(z) = ™.
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Example: Generalization of the mirror Quintic by
Candelas et al.

Consider Y :xy + -+ x5, — —— +1=0.

B=(L,---,L,—(n+1),1).
RaTc = C/ < A" >= H*(P",C)
Rac = Rac/Ann(—(n+1)N) = C[\]/ < A" >= H* (W, C),

W : generic smooth degree (n + 1) C.-Y. P" <= polar
polyhedron A(F)*. Mirror to Y.

Z F((n+1)(m+ X)) mex _
F(m+ A+ 1)+t

(1) (-2 (142)s7 22

27

/C°+"°° F((n+ 1)(z +A)+1)

e Tz A+ D)
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V(s, A) = vo(s) +vha(s)A+ -+ ¥n(s)A" in Ra7 ® O,
W(s, A) = to(s)Fe1(S)A - Hn_1()A" " in Ra 700.
The monodromy hg of W(s,\) in Ra 7 ® O around
s =0 is given by

WU(s,\) — &> (s, N).
In other words hg acts on W(s, \) by

1 0 0
2mi 1 0
(27i)?/2 2mi 1

o

Yo(s)
Ya(s)

o O

(2771')"—1:/(,7_1)! L1 Yn-1(s)

Maximally unipotent monodromy around, s = 0.

Susumu TANABE Galatasa

GKZ Monodromy



Monodromy hy around s = (n+4 1)1 :
h1 . \U(S, )\)

(1—e(—(n+1)2)

ezt V7

— W(s, \) — 2miRes,—g

Todd class of W
1 — e—(n+1)[D] [D]

Toddy = (n+ 1D (1 ~ oD

7)™ mod([D]") in H*(W)

with [D] € H2(W). The above residue is equivalent to
the [D]"~! part of
Toddy - V(s,[D]/27i) in H*(W) @ O.

(Kontsevich homological mirror type result)
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The monodromy h; is pseudo-reflection:
rank(h; —1,) =1

in particular it is a reflection h? =1, for

dimY =n—1:even.G =< hy, hy >C O(ZH, 251,
G="7/2x7/(n+1).

dmY =n—1:0dd G C Sp(n,R),
G2"Zx7/(n+1).

The monodromy h,, at s = oo is determined by the
relation

hihohso = 1.
11

t—1

b pT

det(tl, — hso) =
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Example: d = 2.

(P.R. Horja 1999) Consider a (n+ 1) x (n + 4) matrix
for smooth C.Y. W C P(2qy,--- ,2qn,1,1) a blow up
obtained torically by adding a vector to the defining fan
of P(2q1,---,2qn,1,1) (For n=2)

0100 —2q1 —q1
A — 0 010 —2q2 —q2

0001 -1 0

1111 1 1

B — -9 g1 g2 0 0 1
~\0 0 0 11 —=2)

with g =147, ;.
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RaT.c = CAl/ < M (A\1 —2X2), A3 >=

H*(P(2q17 T 72Qn7 17 1)7 (C)
Ra,.c = Ra7,c/Ann(—qA1)
=~ C[A]/ < AT7HO = 2)2), 03 >= H* (W, C).

W1 (s, ) € Sol (A-GKZ HGS): periods of Y;
€ Ra,7.c @ Oy,
Vi(s,A) = ZmE(Z>O)2
T(g(mitAy))s™A
]‘[J’.’:1 M(qj(m1+A1)+1)F(mi+A—2(ma+22)+ 1) (ma+Ao+1)%°

Galatasa
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Discriminantal divisor Ag :

[l a1
J J 7)2}

1
0= s 4( q7 s

Singular loci

Aou{sFO}u{:l20}u{5220}u{52:1/4}.

Figure: Singular loci
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Secondary polytope, secondary fan

G G

G \C4

\ —C3<—>75
Ta o —Ca T
52—l 1 — const.1)? ss—1/4
4 S1
—‘C]_< _VC2<_>7-27

Susumu TANABE
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Paths avoiding discriminantal loci

s:=0 | Y14
e N ya
Al
.aD
Yao
s=0 l0)
Apy’ aohp™
.)sz=1.-"co
Ao Yo
Y20 1/4 ?lﬁ-‘l_\"m;\n
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Wi(s, ) = Uy (e9msy, ') = (2 P) 1o (s, 0)
Loop action (3 — G4 — (.

The first loop (5.2) 71,4 - ’Y(O) Y-
Y14 Vi(s,A) = Vi(s, A) —

. +(1 - e()\l — 2)\2)6(—42)
ZmieRes, 1 e 6))p
7(0) : Wl(S, )\) — 6'()\2)l111(s7 )\)

\Ul(s7 )\17 CZ)

llll(s/\)—Hllls/\ // \Ills)\d(
rJr
T(C) : unknown kernel. o
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YA, - \Ul(s )\) — Wl S )\ / / \Ill(s )\)dc
rJr

T(C) : unknown kernel. e

(Y14 - Y@ - 72,) V1 (s, A) =

‘Ul(sv C)
“(1-e(—())?

)\1 — 2)\2 /r /r Wl S A dC] (5.1)

e(M2)[Wi(s, A)—2mi(1—e(N1 —2)\2))Re5
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Relations between loops avoiding discriminantal
loci

First we remark

AP Yae - (M) =40 p, - ()
and
VD = A5t LA AP VA
The following relations hold:
©. Yo (52)

= 7147975, - ()71 7©

V14
(0)

=Xp-yp-(Ap) LA, (5.3)
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Loop action C; - G — G5 — G — G — (G

The second loop (5.3) A, - 7p - A,
: C1 — C2
(1) Wi(s, A) =
(1— e(—gh))Ress —— 2T (s, 21, \)
q 1 Z1 (1 _ e(Z]_ _ )\1)) 1 ) 17 2
YD = Y14 A Ta, f G = G = G

(D)« V1(s, z1, A2) =

Wy (s, z1, A2) — 2mi(1l — e(z1 — 2)\2))Resg%
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Loop: A GGG
( A O Wy (s, 21, () =
2i . (1—6(—‘7‘21)))
Res* :
a (1—e(C1—21)) E ((1 —e(=94))

(1—e(—z1+20))(1 — e(—q¢1))
(1—e(—C+2¢))

\Ill(s, C)
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The composition of four paths = the second loop
(A D ), Wi(s, A) =
e(A2)V1(s, A)

—2mie(A2)(1 — e(A1 — 2)‘2))Resg(1_wle((5;2))2

—(27i)%e(M2)e( A — 2A2)Res$m
Rect (1 —e(—q(1))

T oG - 2 T - g &
Upshot: unknown kernel (5.1)

(1—e(—q¢1))
(1—e(=02))? (1 —e(—(G—2)) [[}=1(1 — e(—q;c1))
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Monodromy around the discriminantal divisor Ay is
given by

Wi(s,A) = Wi(s, A) — (2i)* Res,—o T(C)W1(s. ¢)

_ 1—e(—qc1)
T = 0 e 120))0 — (&) P ITL0 — e(—a0)

(2mi)?Res;—o T(C)Wy (s, ¢) = /W Toddy ([D])W1(s, [D]/271).

Toddw ([D]) = Toddw([D1],[D2]) =

1- el [Dy] — 2[Dy] (D] 2 ﬁ q;[D1]

 g[D1] 11— e [Di+2AD] \ 1 — e-[D2] ) T1— e—9lD1]
J:

with [D1], [D2] € H2 . (W). (Kontsevich homological

mirror type result).
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Other cases 1.

1. Bidegree (n, m) C.Y. variety in P"1 x P™=1 with
discriminantal divisor.

s" tm
= — = 5.4
X (ns + mt)"’ Y (ns + mt)m (5.4)
with [s : t] € PL. By a covering
2 2
C — C (5.5)

&n) — (xy)= (€™

it becomes a complex hyperplane arrangement
(generally true for every multi-degree C.Y. variety)

{(&m) € C%¢n 11 (nw(n)'&+muw(myn—1) = 0}.

0<i<n—1,0<j<m—1

with w(n)" = w(m)™ = 1.
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Other cases 2.

2. The self mirror variety

n

t.
d+L)+1=0.
=1 %

with the discriminantal divisor (same as that for
Lauricella F¢)

IR -
ti=(=7—)°, 1<;j<n 5.6
J (2221 SZ) ( )
with [s; : -+ ,:s,] € P""1. The 2" covering
ujg = t;,1 < j < n becomes a real hyper plane
arrangement.
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