MATH 501
EXERCISES 2

A. ZEYTIN

Throughout by C (P!, resp.) we denote the field of complex numbers (Riemann sphere, resp.) and z is always a
point of P'. By @: S \{N = (0,0,1)} — C we denote the stereographic projection and by 1 its inverse.

(1) Find the zeroes and poles of the following functions and verify that Z Va(f) =0:

aeP!
> f(z) = =i
> f2) = 252
> f(2) = srerere
> f(z) = 55
> f(Z) _ 2z+5

(z—1)(z+5)(z—2)*

(2) Investigate the covering of P! determined by the following functions (i.e. find the number of sheets, the
branch points and the nature of branching):

> flz2) = =57
> f(z) = =rzg
> f(z) = Z=L
> f(z) = £
(3) Let f be a rational function so that if |z] = 1 then |f(z)| = 1. Show that if « is a zero of f(z) then 3 = % is a pole
of f(z). Can you guess a general form for f(z)?
(4) Let ay,...,a, and by,..., by, be distinct points on P! and let k1,...,k, and li,...,l,, be positive integers.

Find necessary and sufficient conditions for the existence of a rational function f(z) with a zero of order k; at
a; and a pole of order 1; at bj foreachi=1,2,...,nandj=1,2,...,m.



