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Question 1 (2 points)
Decide which of the following groups are isomorphic :

Z/24Z, Z/4Z× Z/6Z, S4, A4 × Z/2Z, Z/8Z× Z/3Z, D24, D12 × Z/2Z



Question 2 (2 points)
Let G be a finite group. Prove that any subgroup of index equal to the smallest prime
dividing |G| is normal. (Hint: Consider an action of G on the coset space with respect to the subgroup, and

find its kernel. )



Question 3 (4 points)
Let ϕ : G → H be a homomorphism of groups. Let S(G) denote the set of all subgroups of
G and S(H) denote the set of all subgroups of H. Define

ϕ∗ : S(G) → S(H)

K 7→ ϕ(K)

(a) (2 points) Show that if ϕ is an isomorphism then ϕ∗ defines a bijection between S(G)
and S(H).

(b) (2 points) Assume that ϕ is just an epimorphism. Find a proper subset, say Sϕ(G),
S(G) so that ϕ∗ is a bijection between Sϕ(G) and S(H).



Question 4 (8 points)
Let G be a group of order 23 72 11.

(a) (2 points) Let p and q be distinct prime numbers and H be a group of order p2q

having a unique Sylow q-subgroup. Show that H is abelian if 1 6≡ q(mod p).

(b) (2 points) Show that G has a subgroup of order 77. Denote this subgroup by H77.
(Hint: Use preceeding exercise and the fact that an abelian group has a subgroup of size n for each n diving

its order. )



(c) (2 points) Show that G has a subgroup of order 7 whose normalizer has index dividing
8. Denote this subgroup by H7. (Hint: The correct candidate is the Sylow 7-subgroup of H77. Try

to determine the order of its normalizer. )

(d) (2 points) Show that G is not simple. (Hint: Consider the permutation representation induced by

the action of G on NG(H7). G has elements of order 11! )


