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Question 1 (16 points)
Let R be a commutative ring with identity. An element r € R is called nilpotent if T =0
for some positive integer n.

(a) (2 points) Determine all nilpotent elements in Z/127Z.

(b) (2 points) Show that if v € R is a nilpotent element then 1+ r is a unit.



(¢) (2 points) Deduce that the sum of a nilpotent element and a unit is a unit in R.

(d) (2 points) Deduce that an element f(X) = ap+ a1 X+...4+ anX™ € R[X] is a unit if agy
is a unit and aj,...,ay are nilpotent elements of R.



(e) (2 points) Give an example of a nilpotent and a unit element in (Z/8Z)[X] of degree
> 1.

(f) (2 points) Show that the set n(R) of all nilpotent elements in R is an ideal.



(g) (2 points) Show that R/n(R) does not have any nilpotent elements.

(h) (2 points) Show that the intersection of all prime ideals of R, that is ﬂ 9,

<R, p prime
contains n(R) (Hint: Show that every prime ideal contains n(R). )



Question 2 (8 points)
Let R = Z[V/5]. For & = a + by/5 € R define the norm function N(a) = a? — 5b2.

(a) (2 points) Assuming that N is a multiplicative function, i.e. N(o- f3) = N(a)N(f),
classify the units of R.

(b) (2 points) Deduce that the elements 2, 3+ /5 and 3 —+/5 (of R) are irreducible in R.

(Hint: What are squares (mod 5)? )



(¢) (2 points) Deduce that R is not a UFD.

(d) (2 points) Determine the ring S = Z[v/5]/(2), i.e find a ring which is isomorphic to S.

(Hint: What do you expect from S to be? Determine all the equivalence classes and guess. )



