MATH 513
EXERCISES 6

A. ZEYTIN

(1) Prove the Euler product formula for the Hecke L-series of a number field K corresponding to the ideal class

character x; namely : " ]
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(2) Show thatif {w1, w,}and {n1,m2} are two bases of K/Q, then {w1mn1, win2} is again a basis of K/Q.

(3) Let R be an integral domain, I be an ideal of R. Set K = ff(R). Prove of disprove the following statement : For
any w € R there is an element « so that axw € I.

(4) Let a, b, ¢ be lattices in a quadratic number field K. Show that :
» ((a:b):¢) = (a:bc)
» (a:(b+c¢))=(a:b)N(a:c)

(5) Let K be a quadratic number field. For any two elements &1, &, € K, we define 8(&1, &) = (&11(&1)—1(&s )E2)%;
where | denotes the unique non-trivial automorphism of K.

» Prove that 9(&;&;) = 0if and only if &; and &, are Q-linearly dependent.

» Seta = [w1, w;y] be alattice in K. Prove that if a = [17,m2] is another basis for the lattice a, the 9(w1, w;) =
0(n1,12). Deduce that one can define the discriminant of a lattice a in K as 9(&1, &;); where {&1, &} is any
generating set of a.

» If ais any lattice in K, then for any A € K, we have 0(Aa) = A20(a).

» Leta,bbe two lattices in K. If a C b then :

d(a) = 3(b)[b : a?
» Let A be a quadratic discriminant. Show that 0(Oa) = 0([1, wal) = A.



