Invariant of the hypergeometric group associated to the
quantum cohomology of the projective space.

Susumu TANABE

ABSTRACT - We present a simple method to calculate the Stokes
matriz for the quantum cohomology of the projective spaces CP*~1 in
terms of certain hypergeometric group. We present also an algebraic
variety whose fibre integrals are solutions to the given hypergeometric
equation.

1 Generalized hypergeometric function

We begin with a short review on the motivation of our problem making reference to the
works [5], [11] where one can find precise definitions of the notions below.
At first, we consider a k— dimensional Frobenius manifold F with flat coordinates (t1, - - -, tx)€
F where the coordinate t; corresponds to coefficients of the basis A; of the quantum cohomol-
ogy H*(CP*!). On H*(CP*™') one can define so called quantum multiplication
Aa ® AB = C’; /BA

v

or

0 g ., 0

Ot, Oty ot
on the level of vector fields on F. The Frobenius manifold is furnished with the Frobenius
algebra on the tangent space T, F' depending analytically on t € F, T,F = (A;, <, >;) where
Ay is a commutative associative C algebra and < , >;: A; x A, — C a symmetric non-
degenerate bilinear form. The bilinear form <, >; defines a metric on F' and the Levi-Civita
connexion V for this metric can be considered. Dubrovin introduces a deformed flat connexion
VonF by the formula Vv = Vv + zu-v with z € C the deformation parameter. Further
he extends V to F' x C. Especially we have @8% =2 — B(t)— £, where E(t) corresponds to

the multiplication by the Euler vector field E(t) = > <0<k 1(2 — j)tja% -+ k’tg%.

After [5], [11] the quantum cohomology @(z) = (uy(z),- -, ux(z)) for the projective space
CP*! at a semisimple point (0,5,0,...,0) (i.e. the algebra (A;, <, >;) is semisimple there)
satisfies the following system of differential equation:

(1.1) D,1i(x) = (kCe(U) + §>ﬁ<§>.
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where
0 0 0 e
1 0 00
CE(/7 |—|€7/7"‘7/) = (Cg,ﬂ>00§/377§|| - 0 1 00
0 0 1 0

The matrix p denotes a diagonal matrix with rational entries:

k-1 k-3 k-3 k—1
2 2 7727 2

}.

= diag{—

The last component u*(z) (after the change of variables z := kxe%) of the above system
for the quantum cohomology satisfies a differential equation as follows [11]:

—k+1

(1.2) [(9,)F = 2277 uf(z) =0,

with ¥, = z 8‘9 . After the Fourier-Laplace transformation

z

—k+1 k

() = /e)‘zz 2 u'(z)dz,

we obtain an equation as follows:

0

[0 + D) = (57)a(n) = 0.

Here the notation ¢, stands for )\%. After multiplying A* from the left, we obtain
N (Wx + 1% =050y — 1)(0x —2) -+ (9x — (k — 1))]a(X) = 0.
The equation for Ai(\), the Fourier-Laplace transform of %z#uk(z) should be

(1.3) (00" = (0h = D(r = 2) - (9x = k)] (Aa(N)) = 0.
It is evident that the Stokes matrix for %2712%
solution u*(z).

Before proceding further, we remind the following theorem that gives connexion between
the Stokes matrix of the system (1.1) with the monodromy of the equation (1.3). Let us consider
the Fourier-Laplace transform of the system (1.1):

uk(z) is identical with that of the original

—

(1.1) (9 + idy)i(N) = (kCe(U)Oy — )M(N).
In a slightly more general setting, let us observe a system with regular singularities:

(1.1)” (A= X-idy)Ori(N) = (idy + A1 (N)a(N)
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with A € GL(k,C) whose eigenvalues (Aj,---, ;) are all distinct, A;(\) € End(C*) @ Oc
with A,(0) = diag(p1,-- -, px) where none of the p;’s is an integer. We call solutions to a
scalar differential equation deduced from (1.1)” component solutions. Thus solutions to (1.3)
are component solutions to (1.1)”.

Theorem 1.1 ( [1], [5]) Under the assumption that the eigenvalues of the matriz A;(0) are
distinct, the Stokes matriz S for the component solutions of (1.1) expresses the symmetric
Gram matriz G of the component solutions of (1.1)" as follows:

tS+ 5 =2G.

As for the definition of the Stokes matrix S for the system (1.4) we refer to [5], [11]. The
main theorem of this article is the following:

Theorem 1.2 The i,j component S;;, 1 < i,j < k of the Stokes matriz to the system (1.1)
has the following expression:

g (=1)9 Ci; 1>
0 i< j

This theorem has already been shown by D.Guzzetti [11] by means of a detailed study of
braid group actions etc on the set of solutions to (1.2). We present here another approach to
understand the structure of the Stokes matrix.

Remark 1 In this article we observe the convention of the matrix multiplicatin as follows:
k—1
Az = (aij)o<ij<r—1(Ti)o<ich—1 = (D GijTi)o<j<k1-
i=0

The matriz operates on the vector from left, in contrast to the convetion used in [5], [11].

On the other hand it has been known since [3] that a collection of coherent sheaves O(—i)
0 <i<k—1on CP*! satisfies the following relation

Hom(O(—i),0(=j)) = §"7(C"),0 <i,j < k-1
Ext'(O(=i),0(=5)) =0,0<i,j<k—1,>0

These relation entails immediately the equality

X(O(),0(=)) i= (-1 Bt (0=, O(=3) = gt iz
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We consider action of the braid group f; € Bg,1 < i < k — 1 that corresponds to the braid
action between i—th basis and (i + 1)—st basis of the space on which act a matrix. In our
situation, f3; represents the braid action between O(1 —i) and O(—i). In literature on coherent
sheaves on algebraic varieties, this procedure is called mutation (e.g. [9]). Let us denote by
an element of the braid group By

B =B1(B2B1) (Br—1- - B2h)-

We introduce a matrix of reordering J = 9, ,-1-;,0 < ¢ < k — 1. In this situation our Stokes
matrix from Theorem 1.2 is connected with the matrix x := (x(O(—i),O(—j)) 0 <i,j < k—1
in the following way,

tS = JByB.

Eventually it turns out that y = S~!. This general fact on the braid group is explained in
[16], §2.4.

As our Stokes matrix is determined up to the change of basis, including effects by braid
group actions, the Theorem 1.2 is a confirmation of an hypothesis [6] that the matrix for
certain exceptional collection of coherent sheaves on a good Fano variety Y must coincide with
the Stokes matrix for the quantum cohomology of Y.

Our strategy to prove Theorem 1.2 consists in the study of system (1.1)’, instead of (1.1)
itself.

Further we consider so called the Kummer covering (naming after N.Katz) of the projective
space CP! by ¢ = \* to deduce an hypergeometric equation:

(1.4 €O = (9 = )0 = )+ (9 = D]ol¢) =0,

for v(A*) = Ai(\). We remind of us here a famous theorem due to A.H.M.Levelt that allows
us to express the (global) monodromy group of the solution to (1.4) in quite a simple way. For
the hypergeometric equation in general,

k

(1.5) I W¢ = ae) = CTT(We = Bo)w(C) =0,

/=1 /=1

we define two vectors (Ay,---, Ag) and (By, -+, By) in the following way:

k
H(t_eQWOZ[L) :tk+A1tk_1+A2tk_2+"+Ak,
/=1

k
[t =€) =t* + Bit" ' + Both 2 + - + By
=1
Definition 1.3 A linear map L € GL(k,C) is called pseudo-reflexion if it satisfies the condi-
tion rank(idy — L) = 1. A pseudo-reflexion R satisfiying an additional condition R? = idy, is
called a reflexion.
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Proposition 1.4 ( /4], [13]) For the solutions to (1.5), the monodromy action on them at the
points ¢ = 0,00, 1 has the follwing expressions:

00 - 0 —A,
10 . 0 —A,
(16) ho = 01 o0 —Ak,Q )
00 1 —A
00 --- 0 —B,
10 . 0 —By,
(heo) =10 1 0 —By o |
00 --- 1 —B

whereas hy = (hohso) ™! is a pseudo-reflexion.

It is worthy to notice that the above proposition does not precise for which bases of solution
to (1.5) the monodromy is calculated. As a corollary to the Proposition 1.4, however, we see
that the monodromy action on the solutions to our equation (1.4) can be written down with
respect to a certain basis as follows:

00 - 01
10 .00
(1.7) ho=10 1 .0 0 |

0 0 10
+Ch 1 0 0
—1Ch 01 0

oo =

(—1)k_1 Cria 0 0 1 0
(—1)¥,Chr 0 0 0 1
—(=1)* 00 00

In other words,

(1.8) det(t — ho) = t* — 1, det(t — hy) = (t — 1)*.
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Furthermore we have,

(—1)k1 00 - 0
(—1)k_2 ka_l 1 0 0
(19) hl = (—1)k_3 ka,Q 01 0
C1 00 --- 01

In the next sectin we will see that the theory of Levelt supplies us with necessary data to
calculate further the Stokes matrix of the solutions to (1.1).

2 Invariants of the Hypergeometric group

Let us begin with a detailed description of the generators of the hypergeometric group
defined for the solutions to the equation (1.3).
Proposition 2.1 (¢f. [8] I, 8.5) The generators of the hypergeometric group H of the equa-
tion(1.3) are expressed in terms of the matrices introduced in the Proposition 1.4 as follows:

(2.1) My =hf =1, M, =hy = (hoheo) ™", Mo = b, M = h bl (i = 1,2,k — 1),

where M, denotes the monodromy action around the point t € CP;. The generators around
singular points w' = e*™V 1% naturally satisfy the Riemann-Fuchs relation:

(2.2) Mo Myeos My - - - My My = idy,.

proof Let us think of a k—leaf covering C~P}\ of CP% that corresponds to the Kummer covering

¢*¥ = . In lifting up the path around ¢ = 1 the first leaf of CNPi, the monodromy h; is sent to
the conjugation with a path around A = co. That is to say we have M, = h_ 'hi1h,,. For other
leaves the argument is similar. Q.E.D.

Let us denote by X& a k x k matrix that satisfies the relation

(2.3) gX" g = X",

for every element g of a group K C GL(k,C). From the definition, the set of all X¥ for
a group K reperesents a C vector space in general. We will call a matrix of this space the
quadratic invariant of the group K. In the special case in which we are interested, the following
statement holds.

Lemma 2.2 For the hypergeometric group H generated by the pseudo-reflexions as in (2.1),
for every Xt there exists a non zero k x k matriv X" such that X" = AXH" for some

A e C\{0}.
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proof The relation

(2.4) hiXth =X

gives rise to equations on zg; and z;o. That is to say, the first row of (2.4) corresponds to
(—1)" cCizoo — (1) oy = mos, 1<i<k—1,

while '
(_1)Z kCiToo — <_1)k7137z‘0 =12, 1<i<k—1.

Thus we obtained 2(k — 1) linearly independent equations. Further by concrete calculus one
can easily see that

Mw[ = de + Dy

where , , ,
té)TO tg )7'0 té )’7'0 0 - 0
A
t(()e)Tk_l th)Tk_l ce tEZ)Tk_l 0o --- 0

with (k — ¢)— zero columns from the right. The remaining columns are generated from T}
after simple linear recurrent relations by an inductive way. The relation M,X 'M, = X gives
rise to new equations

(1+ t§1)71)2x11 + linear functions in (zg;, Tip) = ;5,
with (1+ 7)) = =1+ (,C1)? # 1 and
(1+ t§”¢1)x1i + linear functions in (zg;, i, T11) = Ty,

(1+ tgl)ﬁ)xil + linear functions in (zy;, ip) = ;.

Thus we get 2k — 3 new linearly independent equations. In general for (¢, /) term, we get from
the relation M, X ‘M, =X,1<(<k-—1

(1+ ty)n)%gg + linear functions in (z,;, Ty, 0 < v <€ — 1) = x4,
with 1 + ty)Tg =—1+ (kcg)2 7é 1. For z;
(1+ ty)n)xig + linear functions in (z,;, T, 0 < v < € — 1, 1y) = T;.

In this way we get a set of 2(k — 1) 4+ 5=} (2(k — ) — 1) = k? — 1 independent linear equations
with respect to the elements of X. Q.E.D.
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The quadratic invariant X0 for Hy = {hg, hoo} is invariant with respect to H. After the
lemma 2.2, C vector space of quadratic invariants X# is one dimensional. Thus every X0 is
also X Hence we can calculate the quadratic invariant X after the following relations,

(2.5) hoXH thy = XH ho X" 'hy, = X1

From [4] we know that the inverse to X0 = X if it exists, must be a Toeplitz matrix
ie.

To T o) o Tl

T Zo I o T2
(XH)y" L= 22 T1 T cer Tpo3

T_(k—1) T—(k—2) LT—(k=3) " X

Making use of this circumstances, it is possible to show that the system of equations that arises
from the relations

thoo(XHg)—l Boo _ (XHO)_l,t ho(XHO)_1 BO — (XHO)_I,
for (XH0)~! consists of 2(k — 1) equations.

(2.6) Tp—1—i = T—i—1,

(2.6)" (=) a4+ (1) eCpr@poi + -+ 1Cs19 — 1Comy_j+ko_y =21,

This calculates the matrix X for the case k— odd.
As for the case k— even, our matrix X% has the following form

0 Y1 Y2 ot Yk—1

Y- 0 Y1 o Yk—2
X =1 Y- Y-1 0 o Yk-3 |

Y—(k—1) Y—(k—-2) Y—k-3) -+ 0O

where y_ 1), - - - yp—1 satisfy 2(k — 1) equations for some constant yp,
(2.6)" i +y_i=0, yi—y_i= 2(=1)" xCiyo 1 <i<k—1,

which are derived from (2.5). Thus the matrix X# for the case k—even is obtained.
We remember here a classical theorem on the pseudo-reflexions.

Theorem 2.3 (c¢f. Bourbaki Groupe et Algebre de Lie Chapitre V, §6, Ezercise 3) Let E be a
vector space with basis (e, - - -, eq), and their dual basis (f1,-- -, fa)€ E*. Let us set a;; = fi(e;).
The pseudo-reflexion s; with respec to the basis f; is defined as

si(ej) = e; — filej)ei = ej — ajze;.
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Set
a1 Q1 a3y Aqy 0 0 0o --- 0
0 G2 A3z2 - Qg2 aiz 0 0 - 0
(2.7) v=|0 0 ‘a3 - as [ U=| a3 as 0 0
0O 0 - 0 aw g Qq -+ G414 0

Under these notations, the composition of all possible reflexions sq4sq-1-+-$1 (a Cozeter ele-
ment) with respect to the basis (eq,---,eq) is expressed as follows:

(28) SdSd—1""°"81 = (de - V)(de + U)_l.

proof For 1 < i, k < d we define
Yi = i1 s1(e).

It is possible to see that

e =Yi+ D Gk, Sa---s1(€) =Yi— D pilk-
k<i<d i<k<d
The statement follows immediately from these relations. Q.E.D.

To establish a relationship between the invariant X and the Gram matrix necessary for
calculus of the Stokes matrix, we investigate a situation where the generators of the hyper-
geomeric group have special forms. Namely consider a hypergeometric group I' of rank k
generated by pseudo-reflexions Ry, -+ Rp_1 where

(2.9) R; = id), — Q,

with
0 -+ 0 tp O -0
0 -+ 0ty 0 -0

(2.10) Q=0 -0t 0 -0 0<j<k—1,
0 -+ 0 tjp1 0 -+ 0

all zero components except for the j—th column. Let us define the Gram matrix G associated
to the above collection of pseudo-reflexions:

too th T tk—l,O
tOl t11 T tkfl,l

(2.11) G =1 to 12 R P

tok—1 Tik—1 -+ tp—1k—1
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We shall treat the cases where G is either symmetric or anti-symmetric. Let us introduce an
upper triangle matrix S satisfying

G=8S+'S (resp.G=8-'89),

for a symmetric (anti-symmetric) matrix G. In the anti-symmetric case, we shall use a con-
vention so that the diagonal part of S is a scalar multiplication on the unit matrix. It is easy

to see that for the symmetric (resp. anti-symemtric) G the diagonal element ¢;; = 2 (resp.
tjj =0).

Proposition 2.4 For an hypergeometric group I' defined over R, the following statements
hold.

1) Suppose that the space of quadratic invariant matrices X' is 1 dimensional. Then X
coincides with the Gram matriz G (2.11) up to scalar multiplication.

2)The composition of all generators Ry, -+, Rx_1 gives us the Seifert form:

(2.12) Ry_1--Ry=F'S-97",
where to the minus sign corresponds symmetric G and to the plus sign anti-symmetric G.
proof 1) It is enough to prove that the Gram matrix is a quadratic invariant. We calculate
R,G'R; = (idy — Q;)G(id, — 'Q;).
It is esy to compute
Q;G = (tajtiv)o<ap<i-1, G 'Qj = (tjatjb)o<ap<i—1,
Q;G'Q; =1;G'Q.
It yields the following equality,
G'Qj + QG — Q;G'Q; = (tjp((1 — tj5)tja + taj))o<apr1,

that vanishes for G’ symmetric with ¢;; = 2 and for G anti-symmetric with ¢;; = 0.
2) It is possible to apply directly our situation to that of Theorem 2.3. In the symmetric
case, t; = 2 and

2 tl[) t20 s tk—l,O 0 0 0 . 0
0 2 t21 te tk—l,l t10 0 0 te 0

V = 0 0 2 s tk,LQ , U = tzo t21 0 s 0 ,
oo -0 2 th—10 Th—11 -+ tp—1p—2 O

in accordance with the notation (2.7). The formula (2.8) means (2.12) with minus sign. In the
anti-symmetric case t; = 0,0 <7 < k — 1 and (2.7) yields (2.11) with plus sign. Q.E.D.
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Corollary 2.5 We can determine the Stokes matriz S by the following relation
(2.13) S = (idy — Rp_1 -+ Ro) "G,
with the aid of the Gram matriz and pseudo-reflexions.

In some sense, a converse to the Proposition 2.4 holds. To show this, we remember a
definition and a proposition from [14].

Definition 2.6 The fundamental set (ug(A),---ur—1(N)) of the system (1.1)” is a set of its
component solutions satisfying the following asymptotic expansion:
ui(A) = (A= A)% 3" g (A = A)",
r=0
where (o, - - - A\g—1) are eigenvalues of the matriz A. The exponents p; are diagonal elements
of the matriz A;(0).

After [14], the fundamental set to the system (1.1)” is uniquely determined.

Proposition 2.7 ( [1}]) Every generator of an hypergeometric group T' over R defined for
the system of type (1.1)” (without logarithmic solution) is a product of pseudo-reflexions of the
follwing form expressed with respect to its fundamental set:

O --- 0 550 O --- 0

) 0 Sj1 o --- 0

(214) Mj = de — . . . .
O --- 0 S k-1 O --- 0

where s;; = 2 or 0.
We get the following corollary to the above proposition 2.7.

Corollary 2.8 Assume that the hypergeometric group I' is generated by pseudo-reflexions
To, -+, Tk—1 such that rank(T; —idy) = 1 for 0 < ¢ < k — 1. Then it is possible to choose
a suitable set of pseudo-reflexions generators R; like (2.9), (2.10), up to constant multiplica-
tion on Q;, so that they determine the quadratic invariant Gram matriz like (2.11).

proof The proposition 2.7 implies that every generator 7T; is a product of pseudo-reflexions
M; with s possibly different from ¢;,. From the condition on the quadratic invariant X"
and the proposition 2.4, s;, must coincide with ¢;,. That is to say I' must be generated by
My, -+, My_1 with Z—Z = :j—;’ for all a,b,j7 € {0,---,k — 1}. This means that ' has as its
generators the pseudo-reflexions Ry, ---, Ry_; of (2.12) up to constant multiplication on @);.

Q.E.D.
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proof of Theorem 1.2 First we remark that solutions to (1.3) have no logarithmic asymptotic
behaviour around any of their singular points except for the infinity.

In the case with k odd for X o there exists a # 0 such that the vector vy :=' (1 +
(=) —k, 1Cy, -+, (=172 1.Ch_g, (=1)*! 1Cr_1) € RF satisfies the relation:

XHog =t (a,0,0,---,0).

Actually this fact can be proven almost without calculation in the follwing way. First we
introduce a series of vetors

wZ:(x_g,l'_g_,'_l,-.-’l’k_l_g), E:O’17’ks_1

Then the equation (2.6)” can be rewritten in terms of wy:

k—1
UT('U?)ZZ(—l)ikci'l’i_g:()for 1§€§k—1
i=0
On the other hand, the vector wy is linearly independent of the vectors w7, ... wg 1 by virtue

of the construction of the matrix X. Therefore wy - vy # 0 as vy # 0. This means the existence
of the non zero constant a as above.

This relation with the corollary 2.8 gives immediately the expression below for the pseudo-
reflexions

0 oo 0 (=11 Coer 0 e 0
00 )k 00

15)  Ry=ide—| ) ¢ (_1;1(0—1%—1)-74 N S Y )
0 <o 0 4Coor 0 - 0
R

whose Gram matrix is equal to

Gij = (—1)i_j+k_1 kCi—j T 2 > ]
(2.16) Giu=(1+ (—1)k_1) T 1=
Gij = (—1)i_j ij,i T j >

with some constant r. As for the case k— even, the equations (2.6)” and the Corollary 2.8
gives us the expression (2.15) for the pseudo-reflexion generators.

Taking into account the theorem 1.1 for the symmetric Gram matrix, we obtain the desired
statement for the case k— odd, as it is required from Proposition 2.7 G; = 2 = 2r.
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For the case k—even, we remember a statement on the Stokes matrix from [1]( Proposition
1,2) which claims that if the matrix p of (1.1) has integer eigenvalues, the equality det(S+ S) =
0 must hold. The Corllary 2.5 gives us the relation

S = (idy, + (idy — V) (idy + U)" ) 7'G = (idy + U)G'G = id), + U,

with

Uij = (-1)17]+k71 kCi—j -roL > j
We shall choose the constant r = 1 so that S 4+ 'S = 2idy, + U +' U posesses an eigenvector
(1,—1,---,1,—1) with zero eigenvalue. Q.E.D.

Remark 2 The Gram matrix (2.16) that has been calculated for the fundamental set (Def-
inition 2.6) of the equation (1.3) gives directly a suitable Stokes matrix we expected. For
other Fano varieties, however, the Gram matrix calculated with respect to the fundamental
set does not necessarily give a desirable form, as it is seen from the case of odd dimensional
quadrics. This situation makes us to be careful in the choice of the base of solutions for which
we calculate the Gram matrix.

3 Geometric interpretation of the hypergeometric
equation

In this section we show that the equation (1.4) arises from the differential operator that
annihilates the fibre integral associated to the family of variety defined as a complete intersec-
tion

(3.1) Xs = {(wo, - ax) € C"; fi(w) +5 =0, fo(z) + 1 = 0}.

where

filz) = o - - wy, f2(2) = xo + 21+ + T
This result has been already announced by [7], [8] and [2]. Our main theorem of this section
is the following
Theorem 3.1 Let us assume that R(fi(z)+s)|r < 0, R(f2(z)+s)|r <0, out of a compact set
for a Leray coboundary cycle I' € H*L(CHL\ X,) avoiding the hypersurfacess fi(z) +s =0
and fa(x) +1 = 0. For such a cycle we consider the following residue integral:

V1,02 i+1 —v — de
(3.2 1559() = [ 27 (i) + )7 (fale) + )7

or the monomial ' := xi0 - 2 2% = xq---x,. Then the integral I'y (s) satisfies the fol-
th al o= -zl g Then the integral 1'y7 tisfies the fol
lowing hypergeometric differential equation

(33) 98— Krs(a )0+ 2) - (0 + DI () = 0
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which has unique holomorphic solution at s = 0,

(3.4) b = ¥

We shall put ¢ = -, to get (1.4) from (3.3). Our calculus is essentially based on the Cayley
trick method developed in [15].
Proof of Theorem 3.1 Let us consider the Mellin transform of the fibre integral (3.2)

ds
3.5 M) = [ ST ()5
(35) ) = [ SIS
For the Mellin transform (3.5), we have the following
k—1 k—1
(3.5) MGP(2) = g(2) [ Tz +ie+ 1 —02)D(= 3 (i + 1) — kz +v1 + kvg)[(—z +v2)0(2),
=0 =0

with g(z) a rational function in €™#. The formula (3.5)" shall be proven below. In substituting
i=0,v; = vy =1, we see that

Loy e TR
L5R(s) = | 570l e

where II denotes the path (—ioco, +ico) avoidoing the poles of I'(z) = 0, —1, =2, - - - . From this
integral representation, the equation (3.3) immediately follows in taking account the fact that
the factor g(z) plays no role in establishment of the differential equation. Q.E.D.

Proof of (3.5)" In making use of the Cayley trick, we transform the integral (3.5) into the
following form

d dy ds

(36) M) = [ eI s TS

IIxR2 xI'
with R the positive real axis in C, for p = 1 or 2. Here we introduce new variables Tp, - - - Tj2,
(3.7) T =yixy, 051 <k—1T,=uy15Tit1 = Y2021 Th_1, Th12 = Yo
in such a way that the phase function of the right hand side of (3.6) becomes

i (fi(x) +5) Fya(fo(z) +1) =To +T1 + - - + Thya.

If we set
Log T :=" (log Ty, - - - ,10g Ty42)

E =" (To, 5 Tho1, 8, Y1, Y2)
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Log = :=" (log g, -,log xx_1,log s,,log y1,l0g y2).

Then the above relationship (3.7) can be written down as

(3.8) LogT =L-LogZ,
where ) )
1 00 0010
010 0010
00 1 0010
L =
000 1010
000 0010
111 1 001
1000 010 1]
This yields immediately
Log==L"LogT,
with ) )
10 0 0O -1 0 O
0 1 0 0O -1 0 O
0 0 1 0O -1 0 O
L™t =
0 0 O 1 -1 0 0
1 1 1 1 -k -1 1
o o o -~ 0 1 0 0
-1 -1 -1 -~ =1 k 1 0]
If we set
(3.9) (ig, - - dp_1,2,01,02) - L8 = (Lo(i, 2,01, v2), - -, Liya(i, 2, v1, 12)).
then we can see that
Mi(ffl ,v2)(z) _ /HXR?FXF xi+1eTo+---+Tk+2y¥1yggszi’fZ?lJif
_ / ot ] pLitize) A @
L (MxRA xT) 0<i<k+2 o<i<kt2 Li
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Here L, (I x R x I') denotes a (k + 3)—chain in Ty - - - Tj12 # 0 that obtained as a image of
IT x R% x T under the transformation induced by L. In view of the choice of the cycle T', we
can apply the formula to calculate I' function to our situation:

ar :
/Ce_TTU? — (1 o e2mcr)r(o_)7

for the unique nontrivial cycle C' turning around 7" = 0 that begins and returns to RT — +o0.
Here one can consider the natural action A : C;, — A(C,) defined by the relation,

T T
/ e—TaT;’a& — / e_Ta (eQW\/:lTa)Ua&'
A(Ca) T, (Ca) T,

In terms of this action L,(IT x R3 x T') is shown to be homologous to a chain

L@ 2 o
Z mj(/’) ,,.j(/?) H )\ @ (RJr) H )\ o (C’a/)’
G )y e, Alk+3 0T R s Pt

with M) o) € Z. This explains the appearance of the factor g(z) in front of the I" function
0 kLo

factors in (3.5)".
The direct calculation of (3.9) shows that

[»g(i,Z,Ul,’UQ) :Z+ig+1—U2,0§£Sk—1,

k—1

Li(i, z,v1,v9) = — Z(ig + 1)+ + k(v —2), L1 (i, 2,01, 02) = —2 4+ v, Liia(i, 2,01, 02) = 2.
=0

This shows the formula (3.5)". Q.E.D.

In combining Theorems 1.2, 3.1, we can state that we found out a deformation of an
algebraic variety X = {(2)f(zox1---ax) + 1 = 0,20 + 1 + -+ + 1, = 1 = 0}. such that its
variation gives rise to the equation (1.3). It means that we establish a connexion between an
exceptional collection of CP*™! and a set of vanishing cycles for its mirror counter part X,.
Thus our theorems give an affirmative answer to the hypothesis stating the existence of such
relationship between two mirror symmetric varieties (so called Bondal-Kontsevich hypothesis)
in a special case. See [8] and [12] in this respect for the detail.

It is known from the theory of period integrals associated to the complete intersections
[10] that the integrals [;?’IF’”)((;)’“) for I' € Hyy1(CHF1\ Xy, Z) has singularities only at the
discriminant locus of X, where the cycle I' becomes singular (or vanishes). On the other hand,
in §2 we found a set of solutions called fundamental such that w;(A) has an singular point
A = e2™V=1i Two solutions to an hypergeometric differential equation (1.3) with the same
assigned asymptotic behaviours at all possible singular points must coincide. In combination
of this argument with the Picard-Lefschetz theorem, we obtain the following.
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Corollary 3.2 There ezists a set of cycles v; € Hp_1(Xx,Z), 0 < j < k —1 such that for
their Leray’s coboundary T'; € Hy11(CF\ Xy, Z) we have the identity,

k .
IS (N =wN), 0<j<k-1,

with uj(A) the fundamental solution to (1.3) in the sense of Definition 2.6. Consequently the
Gram matriz G of (2.16) is equal to the intersection matriz (< vi,7v; >)o<ij<k—1 after proper
choice of constant r = 1.
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