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1. Introduction

In contrast with the considerable literature on the orbifolds over P? uniformized
by the 2-ball By (see [17], [8], [10] [16] and references therein), not much is known
about which orbifolds over P™ are uniformized by the product of 1-balls (B1)™. The
aim of the present article is to construct some orbifolds over the projective space
P" uniformized either by (P!)", C" or (B;)" and prove the following result.

Theorem 1.1. Let (n,b) be a pair of coprime integers with n > 2. There exists
(b)

a Galois covering (Dn’l)n — P™ of degree nlb™ =" branched along an irreducible

degree-2b(n — 1) hypersurface Dy(lb) C P" where Dsj)l C D;b) is a curve of euler
number e = b" "1 (n +1+b—nb).

For b = 1, the hypersurface D,(ll) is the discriminant hypersurface, and Dg)l ~ P!

is a rational normal curve. In this case one obtains the well-known branched Ga-
lois covering (P*)" — P". The subvarieties D,Sb) and Ds:)l are the liftings respec-
tively of DS) and Dfll)l by an abelian branched self-covering [Zy, ..., Z,] € P* —
[Z8,..., 2% € P". For (n,b) € {(3,2),(2,3)} one has e(fo)l) =0, and the univer-
sal covering of (ng)l)n is C". The curve Dég) = Dg? is a nine-cuspidal sextic, dual
of a smooth cubic. For b > 1 and (n,b) ¢ {(3,2),(2,3)} one has e(DSj)l) < 0, and
the universal covering of (Dflb)l)n is (By)™.
In case (n,b) = (2,3), the claim of Theorem 1.1 was proved in [12]. The case
n = 2 was established in [16]. In this case, Déb) coincides with Dflb,)l, which is a
curve of genus %(b2 —3b+2) with 3b cusps of type 22 = y” and no other singularities,
see Appendix for a proof. Irreducibility of DSP is proved in Proposition 4.2. The
remaining assertions of Theorem 1.1 are proved in Theorem 4.4. Our construction
leads naturally to the definition of orbifold braid groups of the sphere P! with
punctures, which we dicuss in Section 4. These groups were already introduced by
Allcock [1] in the “braid-picture” setting for some basic cases.
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2. Orbifolds

Let M be a connected complex manifold, G C Aut(M) a properly discontinuous
subgroup and put N := M/G. Then the projection ¢ : M — N is a branched Galois
covering endowing N with a map 5, : N — N defined by §4(p) := |G| where ¢ is a
point in ¢~!(p) and G, is the isotropy subgroup of G at ¢. In this setting, the pair
(N, By) is said to be uniformized by ¢ : M — (N, B4). An orbifold is a pair (N, 3)
of an irreducible normal analytic space N with a function 8 : N — N such that
the pair (N, () is locally finitely uniformizable. A covering ¢ : (N’,3") — (N, )
of orbifolds is a branched Galois covering N’ — N with 8’ = (Bo¢)/Bs0¢. Note
that the restriction (N’,1) — (N, ) is a uniformization of (N, ). Conversely,
let (N,() and (N,~) be two orbifolds with v|3, and let ¢ : (N';1) — (N,v) be a
uniformization of (N,7), e.g. B4 = . Then ¢ : (N',3') — (N, () is a covering,
where 3/ := Bo¢/v0¢. The orbifold (N’,5’) is called the lifting of (N, 3) to the
uniformization N’ of (N,~).

Let (N,b) be an orbifold, Bz := supp(8 — 1) and let Bi,..., B, be the irre-
ducible components of Bg. Then [ is constant on B;\sing(Bg); so let b; be this
number. The orbifold fundamental group w¢™°(N,3) of (N, 3) is the group de-
fined by 7{"%(N, 3) := wl(N\Bg)/«ul{l,...,/,Lf;r)) where ug" is a meridian of B;
and (()) denotes the normal closure. An orbifold (N, ) is said to be smooth if N
is smooth. In case (IV,[) is a smooth orbifold the map § is determined by the
numbers b;; in fact G(p) is the order of the local orbifold fundamental group at p.
Since the orbifolds to be considered in this article are exclusively smooth, we shall
adopt the convention that such orbifolds are defined to be the pairs (IV, B) where
B :=bB; +---+b,B, is a divisor with b; > 1. We shall also allow b; to take
infinite values, meaning that the corresponding hypersurface B; is removed from
the base space N. If O := (N, B) is an orbifold and C a hypersurface in N, then
we shall use the notation (O, bC) to denote the orbifold (N, B + bC').

3. Discriminants

For a recent treatment of discriminant varieties, see Katzs’ article [13] or [9)].
Let n > 1 be an integer and consider the action of the symmetric group ¥, on
(PY)™. Let p; = [uj,v;] € P! and let o, (j € [0,n]) be the homogeneous elementary
symmetric polynomial

O'j(ph...,pn) = Z Hma H Yp

AC[1n], [Al=j \@€A  Be[l,n]\A
It is well known that the map ¢,, : (P*)" — P" given by

Gn (D1, 0n) = [00(P1,- -, Pn) Tt O (P1s -, Pn)]

is 3,,- invariant and gives an isomorphism (P)"/%,, ~ P,

Let m; : (P1)® — P! be the ith projection map, ¢ a point in P!, and put Fg =
7ri_1(q). Let 7;; € X, be the transposition exchanging the 7th and jth coordinates
of (p1,...,pn) € (P')". Since 1,F} = F}, the hypersurface H, := ¢,,(F}) does not
depend on i.



ON BRANCHED COVERINGS OF P" BY PRODUCTS OF DISCS 3

Lemma 3.1. For any q € P!, the hypersurface H, is a hyperplane in P™. For
any set {qo,...,qm} C Pt of distinct points, the hyperplanes Hy,...,Hg, arein
general position.

Proof. Suppose without loss of generality that ¢ = 1. Then H, is parametrized

as Hy = [Xo : X1 : -+ : X,,] € P", where X; = 0;(¢,p2,...,pn) and p; € P!
(i€[2,n]). Iffg=[uy:v]=[z:y] and p; = [u; : v;] (i € [2,n]) then one has the
identity

(31)  P(AB):= > (-1)"70;(g,p2,...,pn)AB" 7 = [] (wA-uv:B)

j€lon)] i€[1,n]

Substitute [A : B] = [y : 2] in (3.1). Since the right-hand side of (3.1) vanish at
the point (¢,p2,...,pn), so does the middle term, and thus H, satisfies the linear
equation

(3.2) > () e IX; =0
Jj€lo,n]
Let {¢; = [xi : ys] : i € [0,n]} be a set of n 4+ 1 points. Since the determinant of
the projective Vandermonde matrix Van(qo, - .., q,) given by
Van; j(qo, -, qn) = (—1)”_jyfx?7j i,7 €10,n]

vanish if and only if ¢; = ¢; for some ¢, j € [0,n], the hyperplanes Hy,, ..., H,, are
always in general position. O

The hypersurface A, := {(p1,...,pn) € (P1)" : p; = p;j for some 1 < i # j <
n} of (P1)™ consists of points fixed by an element of ¥,,, so that the covering ¢,
is branched along the hypersurface D,, := ¢(A,,), which is called the discriminant
hypersurface since it is defined by the discriminant of the homogeneous polynomial
P(A, B). In terms of orbifolds, this means that there is an orbifold covering

(3.3) én : (PH™,aA,) — (P™,2aD,,)

Let {qo,...,qm} C P! be m + 1 distinct points, by, ..., b,, numbers in NU {oo}
and consider the orbifold

]:(b()a"- abm) = (]P’labo% + - +bnﬁ,(]m,)

Let n > 1 be an integer and consider the orbifold F(bg,...,b,)". Let G, be the
orbifold

gn(a; bo, ey bm) = (f(bo, ey bm)n7 G,An)
and define the orbifold H,(a;bg, ..., bn) as

Hn(a;bo, ..., by) == (P",aD,, +boHyy + - + b Hy,,)
By the covering in (3.3) and Lemma 3.1 one has the fact
Lemma 3.2. There is an orbifold covering of degree n!
¢ Gn(asbo, ..., bm) — Hn(2a;bg, ..., by)
In particular, for a = 1 one has the orbifold covering
¢ F(boy. o bm)" >~ Gn(1;00,...,0m) — Hn(2;b0,...,0m)

The following facts are well known (see [15]):
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Theorem 3.3. [Bundgaard-Nielsen,Fox] The orbifold F(bg, ..., by) admits a finite
uniformization if n > 1, b; < oo (1 <i<m) and if n = 2, then b := by = by. Let
R — F(bg,...,bm) be a finite uniformization.

(i) R~P' ifn=2by=b; <ocorn=3,by" +b ' +by" > 1. In this case , P! is
also the universal uniformization. The groups m§™ (.7-"(1)7 b)) and 7" (f(bo, bl,bg))
are finite of orders b and 2 [bal + bfl + b;l — 1] -t respectively.

(ii) R is of genus 1 ifn =3, byt + b7 4+ by =1 orm=4, by =by = by = b3 = 2.
Hence, C is the universal uniformization of these orbifolds. Moreover, F(co,00) and
F(2,2,00) are uniformized by C. The corresponding orbifold fundamental groups
are infinite solvable.

(iii) R is of genus > 1 otherwise, and the universal uniformization is (By)", where
By is the unit disc in C. The corresponding orbifold fundamental groups are big
(i.e. they contain non-abelian free subgroups).

In virtue of the covering ¢ : F(bo,...,bm)" — Hn(2;bo, ..., by) one has the result

Corollary 3.4. Letn>1,b; < oo (1 <i<m)andif n =2, then by = by. Then
the orbifold H,,(2;bg, . ..,bm) admits a finite uniformization by R™, where R is the
uniformization of F(by,...,bm) given in Theorem 3.5. The orbifolds H(2; 00, 00)
and H(2;2,2,00) are uniformized by C". Moreover, 7" (H(Q; b, b)) is a finite group
of order n!b™ and 7§ (H(2; bo, b1, b2)) is a finite group of order n12™[by + by + by —
7" iyt + 07t + b5 > 1.

4. Another covering of H(a;bg,. .., bn)

Let b € N be an integer and consider the orbifold /C,, (b) := (P",bH,,+- - -+bH,, ).
By Lemma 3.1, the hyperplanes Hy,,...,H,, are in general position. It is well
known that the universal uniformization of this orbifold is P". Applying a projective
transformation one may assume that the hyperplanes H,, are given by the equations
Y; = 0 where [Yp : -+ : ¥,,] € P". In this case the uniformization v, : P* — IC,,(b)
is nothing but the map

Yo:-: Y =w([Zo:-:Zn)) =128 : - : 2]
It is clear that the orbifold H,,(a;bbg,. .., bby, byy1, ..., by) lifts to the uniformiza-

tion of IC,,(b). Put DY = ¥, (D), denote My, := ~'(H,,) and define the
orbifold

L (asbo, ... by) = (B, aD® +boMy, + ... baM,, )

to be this lifting. In case n = 2 these liftings were studied in [16]. For n > 2 the
following proposition is valid:

Proposition 4.1. For n > 2 and b > 2 the orbifolds E%b)(Q;bo, .oy b)) are uni-
formized by (B1)™ except the orbifold EéQ)(Q), which is uniformized by C3.

Proof. There is an orbifold covering E%b)(2; bo, .-, bm) — Hn(a;bbo, ..., bby,).

The claim follows, since by Corollary 3.4 the latter orbifold is uniformized by C3? if

b=2,n=3,by="---=b, =1and by (B1)" otherwise. O
For k € [1,n], define the k-dimensional subvarietiy A, ; of A,, by

An,k = {(p17p27 cee 7pn) S (]P)l)n P Pk = Pk+1 = - :pn} ~ (]Pl)k



ON BRANCHED COVERINGS OF P" BY PRODUCTS OF DISCS 5

Thus, A, ,,—1 is an irreducible component of A,, and A,, ; is the diagonal in (P*)™.
The subgroup of ¥,, acting on A, ; is a symmetric group ¥;_1, so that D, , :=
P! x P*~1. These varieties admits the parametrizations

(4.1) Dypp:Xo:--: Xp]€P" X;=0;(p1,...,Pn), Dk=:=D0n

In particular, the curve D,, ; is a rational normal curve parametrized as

Kg) " (711) W (Z) “"} ([u:v] € P

Applying the projective transformation Van(qo,...,q,) to the parametrizations
(4.1) gives the parametrization D, j, : [Yp : - -+ : ¥},] € P, where
(4.2) SN ) Iy o (pr ). PR == Da

3€[0,n]
Let p; = [u; : v;] and let [u : v] = [ug : vg] = -+ = [up : v,]. In virtue of the
identity (3.1) one has the parametrizations D, : [Yp : - -+ : ¥},] € P where
(4.3) Y = (uy; —vay)" T (wayy — viy)

i€1,k—1]

In particular, the curve D, ; is parametrized as

(4.4) D, : [(uyo —vx)™ e (uyn — vxn)”]

The varieties D;lb}c are parametrized as

(4.5) DSJL 2o Zy) Z]'-’ = (uy; — va;)" H (wiy; — vizj)
i€[1,k—1]

Note that the parametrizations (4.3) and (4.5) are not generically one-to-one unless

k < 2, since (4.3) is a map (P})¥ — D, 1.

Proposition 4.2. (i) The curve Dflb)l is irreducible if and only if ged(n,b) = 1.
Hence, the subvarieties DS}C are z'rrecéucible if ged(n,b) = 1.
Definition 4.3. Let t € Z and 1, be the map

Uy [Zoi i Zp) €EP — [ZE . 2L e P
Let V C P" be a subvariety and r,s € Z such that s > 1. Then V(/%) is the
subvariety of P defined as

VD = (g ots)(V)
In particular, V("/7) is the orbit of V under the (Z/(r))"-action on P".

Proof of the Proposition. The parametrization (4.4) shows that D,, 1 ~ L/n,
where L is a line C P™ in general position with respect to v,,, in other words L
intersects the hyperplane arrangement Z . .. Z,, = 0 transversally at smooth points.
Hence there is a surjection of fundamental groups

(46) Wl(L\{q'()?aqn}) - ﬂl(Pn\{Z()77Z'ﬂ})
where ¢; := Z; N L. Let M(b), K(b) be the orbifolds
M(b) :=(L,bgo + - -+ bgqn), K():=P",bZy+---+bZ,)
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Then (4.6) induce a surjection of orbifold fundamental groups
7" (M(b)) = 77 (K(b))

(one may say: M(b) is a sub-orbifold of K(b)). This shows that the curve L(®) is
(b _

n,l =

L®/™) | showing that Dr(f,)l is irreducible. Note that ng,)l is the maximal abelian

irreducible and is a uniformization of M(b). Since ged(n,b) = 1, one has D

orbifold covering of M(b). Irreducibility of DSL follows since D) is a subvariety

n,l

b
of D). O

Let O(b) be the orbifold O(b) := (Dp1,bgo + - - - + bGn ), where g; :==Y; N D,, 1. The
orbifold O(b) is identified via the covering ¢ with the orbifold P(b) := (A, 1,bq) +
-+ -+bq,), where this time ¢} ;= ¢$~1(¢;). In turn, O(b) is identified with the orbifold
F(b,...,b) via the coordinate projection. By the proof of Proposition 4.2, these
orbifolds are identified with the orbifold M(b) in case (n,b) = 1.

Theorem 4.4. Let ged(n,b) = 1. Then there is a finite uniformization &, :
(D(b)1)n — &@(2) which is of degree nlb™ —".

n7

Proof. One has the diagram

&n
LY@ — (DY)
Uy [ J Cp
On

Hn(2;b,...,0) «— O™

where ¢, : (Dﬁtb)l)” — O(b)™ is the maximal abelian orbifold covering and &, is

to be shown to be a branched Galois covering of degree nlb™ ~". Tt suffices to
show that the group H := (¢no§b)*ﬂ1((Dfﬁ)l
(1p) T (E%b) (2)). Let o be a meridian of D,,. Then since 7¢"*(H,,(2,b,...,b))/{(o)) ~
T (K (b)) ~ (Z/(b))n is the Galois group of v, the group K is the normal
subgroup of wfrb(Hn(Z,b,...,b)) generated by o, i.e. K ~ (o). The group
" (Hn(2,b,...,b)))/K being abelian, one has [r;,7;] € K for i,j € [0,n]. On
the other hand one has

T (M (250, ...,0)) /{70, - ) = 70 (Ha(2)) = 2,

Since ¥, is the Galois group of ¢,,, one has ¢.O(b)"™ ~ (79, ..., 7). Since (, is the
maximal abelian orbifold covering, one has H ~ (([r;, 7;])). This shows that H is a

)") is a normal subgroup of K :=

normal subgroup of K. Since deg({,) = b”Q, deg(¢,) = n! and deg(vp) = O™, one

has
deg(fn) _ deg(gb> deg(¢n) — n!bnz—n

deg(ty)
b)

The euler number of Dgn is easily computed by the Riemann-Hurwitz formula. O

5. Braid Groups
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Following and generalizing Allcock [1], let us call the groups
P, (a;bg, ... by) = w;’”’(gn(a; bo, ..., bm))

the pure braid groups of F(bg,...,bm) onn strands, and the groups
B.(ajbo, ... bm) =71 (Hulasbo, . .., b))

the braid groups of F(bo, ..., bm) onn strands. Obviously, the group By, (a;bg, - . ., b))

is a quotient of B, (a’;b(,...,b,,) provided ala’ and b;|b; for 0 < i < n. The
group By, (a;bo,...,by,) is a subgroup of B, (a;bg,...,b,) in case the equality
a =by =+ = bg_q holds. The group B,,(2a;by,...,b,) is a normal subgroup of

index n! in the group P, (a;bg,...,by). The group B, (a;bo,...,b,) admits the
presentation (see [2] for the case n = 2 and [4], [5], [14] for the general case)

(1) generators: o1,...,0n—1, T0s--->Tm

(2) braid relations: (04,05 =1, i —j| > 1,
0i0i410; = 0;410;0;41, 1 <1 <n—1

(3) mized relations (017;)? = (ri01)%, 1 < i < m,
[1,0;]=1,j#1,1<i<m
[CTsz'O'l_l,Tj] =1,1<i<j<m

(4) projective relation' G105 ...0pn 170 TmOn_1 ...0901 = 1

(5) orbifold relations 700 = --- = 7bm = ¢ =1

In particular, the group B,,(00; 00) is the usual braid group of C introduced by
Artin [3]. The group B,,(c0) ~ B,,(00; 1) is the braid group of the sphere, see [18].
On the other hand, one has

Bl(bo,...,bm):(TO,...,Tm|Tg°:...:TS{”:Tg---Tm:1>

In case n = 2, the discriminant hypersurface Dél) is a smooth quadric, and

the lines H,, are tangent to Dgl) (see [16]). In particular, the groups Bs(a;b) are
abelian. The group By(a; b, ¢) admits the presentation

(5.1) Bs(a;b,c) ~ (10| (10)? = (67)%, 0= (10} =0"=1)

Proposition 5.1. Forb,c < oo, the group Ba(a; b, c) is a finite central extension of
the triangle group Ts 4.q : (1,0 (70)? = 7¢ = 0% = 1), where d := ged(b, c). Hence,
Bs(a; b, ¢) is finite 1/a+1/b > 1/2, infinite almost solvable if 1/d+1/a =1/2, and
big otherwise (i.e. it contains non-abelian free subgroups). The group Ba(a;b,b) is
of order 2b[a™' +b~! — 2_1}_1 if 1/a+1/b>1/2.

Proof. Note that § := (70)? is central in By(a;b,c), so that (10%)¢ = 1 &
(070)¢ =1 & (7716)¢ = 7796 = 1. The element ¢ is of finite order. Adding the
relation § = 1 to the presentation (5.1) yields the triangle group 7% 4 4, Which is
finite if 1/a+ 1/d > 1/2, infinite solvable if 1/a+1/d = 1/2, and big otherwise. In

case ¢ = b, one has d = b and the triangle group is of order 2[a‘1 +b07! - 2_1} “lif

1/a+1/b > 1/2, which shows that B(a;b,b) is of order 2b[a™! +b~! — 2’1]71. O

LThe projective relation was kindly communicated by Paolo Bellingeri.
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Let R" be a uniformization of the orbifold (F(bo,...,by))". If k > m then any
orbifold G, (2a; cobo, - - - Cmbm, Cmi1, - - -, k) can be lifted to R™. In case R ~ P! or
R ~ C one obtains some arrangements associated to reflection groups as follows.
Suppose that go = [0 : 1] and ¢; = [1 : 0]. Lifting G,,(2a; ¢b, 00) to the uniformization
of Gn(2;b,b) vields the orbifold (C",aAY + ¢F) where F = {(X1,...,X,) €C" :
X1+ X, =0} and AP is the lifting of the superdiagonal

AP = {(Xy,...,X,) €C" : Py(pi) = Yu(p;) for some 1 < i # j < n}
with ¥p(X) = X® if b < 0o and ¥ (X) = exp(27iX). Setting b = 2 in this
construction identifies the group B, (co; 00, 00) with the Artin group corresponding
to the diagrams B,, (see [1]).
The groups Ba(a; b, ¢, d) admits the simplified presentation (see [16])

(r0)? = (07)%, (po)? = (0p)*, [p, 7] =1, >
™ = (or0op)? =p° =02 =1

Ba(a;b, ¢, d) ~ <T, 0,0

We summarized the known information about the orbifolds H and the corresponding
braid groups in Table 1 below. Suppose that if (n,m) = (2,1) then by = b;. We
believe that the group B, (a;bo, ..., b,) is finite if

2(n—1 1
7(71@ )+Z b—i>n—|—m—2,
i€[0,m]

at most infinite solvable if the equality holds, and big otherwise.

6. Remarks

Consider the restriction of D, to the n — k + 1 dimensional linear subspace
My—jpy1 ={[Yo: Y, €P"|Yy_py2 ==Y, =0} of P". Setting [u : v] =
[Zn : yn] and [u; : v] = [Tp—i @ yn—i] for i € [1,k — 2] in (4.3) we see that D, j
has a 1-dimensional linear component L in M, .1 ~ P?"**+1 parametrized as
[Yo: - :Y,_kt1] € My_g41 where

}/l - (Unyl - 'Unxl)(znyl - ynxl)nik+1 H (zn—iyl - yn—ixl)
1€[2,k—1]

for 1 € [0,n — k+ 1] and [u, : v,] € PL. Tt is readily seen that there are k — 1 such
lines. In case [u; : v;] =0 for ¢ € [1,k — 1], one has the curve C' in D,, , N My,_g1+1

parametrized as [Yp : -+ : Yi—gt1] € Mp—_41 where
le = (Uyl - vxl)n—k+1 H (:Enfiyl - ynfixl)
i€1,k—1]

for I € [0,n — k + 1] and [u : v] € P!, which shows that C is the curve F(/n=F+1)
for some line E in P!, The lines L are tangent to C' with multiplicity n—k+1.
In case k = n — 1, one has M,,_p,1 ~ P2, and one obtains an arrangement of a
quadric C' with n — 2 tangent lines. The lines Yy = 0, Y7 = 0 and Y5 = 0 are also
tangent to this quadric.

From these considerations it is easy to obtain a description of the intersection of
DS’}~C with Pr=*+l ~ 7 4 o =-..=Z, =0. For fo%, this is the arrangement of
a quadric with four tangent lines.

Let H C P™ be a hyperplane. The intersection H(1/2) N M, is a quadric, tangent
to the lines Yy = 0, Y7 = 0 and Y5 = 0, which is very similar to the intersections
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Orbifold Uniform. | Braid group Ref.
Hn(2) (PhH™ n! Cor. 3.4
Hn(2;b,b) (PH" nlp" Cor. 3.4
Hn(27 b: ) d) 1\n 1on 1 1 1 -n
(1/b+1je+1/d> 1) () n2"[; + t+ 4 1] Cor. 3.4
Hn(2;b,c,d) n .
(1/b+1/e+1/d=1) C Crystallographic Cor. 3.4
Hn(2;2,2,2,2) cr Crystallographic Cor. 3.4
Hn(z;bo,...,bm) n .
(otherwise) (By) Linear Cor. 3.4
Hr (005 00, 00) - By,-Artinian [6]
H2(00; 00, 00, 00) - Co-Artinian [6]
H2(a; b,b) 1,1 17-1
(1a+1/b>1/2) - Qb[a—i— . 2] Prop. 5.1
H2(a; b,b)
(1/a+1/b=1/2) - oo almost solvable Prop. 5.1
Hs(a;00) (a = 3,4,5) - 24, 96, 600 [7]
Hn(3;00) (n =4,5) - 648, 155520 [7]
Hs(o0;2) - 192 Maple
Ha(a) (a =4,5) - 192, 60 Maple
Hs(4) - 120 Maple
Ha(a;2,2,2) K3 (a =4) | 4d® [16]
H2(3;3,2,2) K3 576 [16]
H2(3;3,4,4) Ha(4;4,4,4) .
Ha(3:6,6.2) Ha(3:3.3.6 Bs Picard Modular [11],[16]
H2(3;3,4,2) H2(6;3,3,2) B1 x B1? | Unknown [16]
TABLE 1

D,, N M5. In contrast with this, there is the following fact: In a recent article [13],
it was proved that the dual of D,, is one dimensional (we believe that D,, ;, and
D,, n— are duals), whereas it is easy to show that H/%) and H"/7=%) are duals,
so that the dual of H(*/?) is the degree-(n — 1) hypersurface H(~1). Note also that
D,, is of degree 2(n — 1), whereas H(1/2) is of degree 2" 1. It is of interest to know
more about the varieties D(Tks) and their duals.

n,

7. Appendix: The curves L("/*)

In P2, many interesting curves appears as L(/*) where L is a line. For example,
L(/2) is the curve Ds ;, a quadric tangent to the coordinate lines, L(3/?) ~ D3, is
a nine cuspidal sextic, L(2/3) is a Zariski sextic with 4 nodes and 6 cusps, L(~1/2) ~
oy % is a three cuspidal quartic, L(~1) is a quadric passing through the intersection
points of the coordinate lines.

Proposition 7.1. If r,s > 0 are coprime integers , then LU"/%) is an irreducible
curve of degree sr and genus (r — 1)(r — 2)/2, with 3r points of type " = y* and
r%(s —1)(s — 2)/2 nodes.

Proof. We begin by proving that the curves L(1/%) are nodal. For this, it suffices
to show that the orbit of L under the action of the group Z/(s) & Z/(s) has only
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double points on P?\{zyz = 0}. If w := e*/%, then the orbit of L consists of
the lines L;; := aw'x + bw’y 4+ cz = 0 for 1 < i,j < s. Suppose that no pairs of
lines among the lines L; j, Ly, Lp q meet on xyz = 0. Then they meet at a point
¢ {xyz = 0} only if the determinant of the matrix

aw' bwl ¢

awk bl e

awP  bw? ¢

vanish. Since abc # 0, this is equivalent to the vanishing of

wr—1 wlP—-1

det wr—1 w?—1

where o :=k —1i, 8:=1—j,v:=p—iand 6 :=q— j. The integers «, (3, v, 0 are
not multiples of s by hypothesis. Then vanishing of the determinant implies
0 2 —a/2Y(, ,0/2 —0/2
(w* =) (w?” = 1) N (wa/ —w/ N w /2 _ =8/ ) _ (602
(WP =1)(wr —1) (WB/2 — w=B/2)(W/2 — w=7/2)
Since the left-hand side of the latter expression is real, so must be the right-hand
side. Therefore

Im(e™PH7=a=0/sy — 0 = 5|3+ v — a — 6.

But this means that there is a pair of lines meeting at z = 0, contradiction. This
shows that the curves L(}/*) are nodal.

Since L(1/%) is a rational curve of degree s, it must have (s — 1)(s — 2)/2 nodes.
Since L(/®) = ¢-1(L1/9), the number of nodes of L(/%) is r?(s — 1)(s — 2)/2.
Obviously, three flex points of L(1/%) are lifted as 3r cusps of type 2" = y*. The
genus of L("/%) can be calculated by the genus formula, or by noting that the curves
L(/9) are coverings of L(1/%) branched at these three flex points, with the branching
index r.

Acknowledgements

I am indebted to Louis Paris, who told me about the work of Paolo Bellingeri. I
am grateful to Paolo Bellingeri for helpful discussions about the braid groups of
punctured surfaces.

REFERENCES

1. Allcock, D.: Braid pictures for Artin groups, Trans. A.M.S. 354 (2002) 3455-3474.

2. Amram, M., Teicher, M., Uludag, A.M. Fundamental groups of some quadric-line arrange-
ments, Topology and its Applications, 130 2 (2003), 159-173

3. Artin, E.: Theory of Braids, Ann. Math. 48 (1946), 101-126.

4. Bellingeri, P.: Tresses sur les surfaces et invariants d’entrelacs, Ph.D. Thesis, Institut Fourier,
2003.

5. Bellingeri, P: On presentation of Surface Braid Groups, ArXiv.math.GT /0110129 (2001).

6. Brieskorn, E.: Sur les groupes de tresses [d’aprés V.I. Arnold|, Seminaire Bourbaki, Exp. no.
401, No 317 in Springer LNM, 1973, pp. 21-44.

7. Coxeter, H.S.M.: Factor groups of the braid group, Proc. 4th Canadian Math. Congress, 1959,
pp- 95-122.

8. Deligne, P., Mostow, G.D.: Commensurabilities among lattices in PU(1,n), Princeton Uni-
versity Press, Princeton, 1993.

9. Gelfand, I.M., Kapranov, M.M., Zelevinsky, A.V.: Discriminants, resultants and multidimen-
stonal determinants Birkhauser, Boston, 1994.



10.

11.

12.

13.

14.

15.

16.

17.
18.

ON BRANCHED COVERINGS OF P" BY PRODUCTS OF DISCS 11

Hirzebruch, F.: Arrangements of lines and algebraic surfaces, Progress in Mathematics 36,
Birkhauser, Boston, 1983, pp. 113-140.

Holzapfel R.P., Vladov, V.: Quadric-line configurations degenerating plane Picard-Einstein
metrics I-II. Proceedings to 60th birthday of H. Kurke, Math. Ges. Berlin, (2000).

Kaneko, J.: On the fundamental group of the complement to a maximal cuspidal plane curve
Mémoirs Fac. Sc. Kyushu University Ser. A 39 No. 1 (1985), 133-146.

Katz, G.: How tangents solve algebraic equations, or a remarkable geometry of the discrimi-
nant varieties, ArXiv:Math.AG/0211281, (2002).

Lambropoulou, S.: Braid structures related to knot complements, handlebodies and 3-
manifolds Knots in Hellas 98 (Delphi) Ser. Knots Everything, 24, 2000, pp. 274-289.
Namba, M.: Branched Coverings and Algebraic Functions, vol 161, Pitman Research Notes
in Mathematics Series, 1987.

Uludag, A.M.: Covering relations between ball-quotient orbifolds arXiv: math.AG /0302180,
(2003).

M. Yoshida, Fuchsian Differential Equations, Vieweg Aspekte der Mathematik, 1987.
Zariski, O.: On the Poincare group of rational plane curves, Am. J. Math. 58 (3), (1936),
607-618.



