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Abstract

In this paper we obtain presentations of fundamental groups of the complements of three q
line arrangements inP2. The first arrangement is a smooth quadricQ with n tangent lines toQ, and
the second one is a quadricQ with n lines passing through a pointp /∈ Q. The last arrangemen
consists of a quadricQ with n lines passing through a pointp ∈ Q.
 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

This is the first of a series of articles in which we shall study the fundamental grou
complements of some quadric-line arrangements. In contrast with the extensive lite
on line arrangements and the fundamental groups of their complements, (see, e.g
15]), only a little known about the quadric-line arrangements (see [12,1,2]). The p
article is dedicated to the computation of the fundamental groups of the comple
of three infinite families of such arrangements. A similar analysis for the quadric
arrangements up to degree six will be done in our next paper.

Let C ⊂ P
2 be a plane curve and∗ ∈ P

2 \ C a base point. By abuse of language we w
call the groupπ1(P2 \ C,∗) thefundamental group ofC, and we shall frequently omit bas
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Fig. 1. The arrangementA3.

points and writeπ1(P2 \ C). One is interested in the groupπ1(P2 \ C) mainly for the study
of the Galois coveringsX → P2 branched alongC. Many interested surfaces have be
constructed as branched Galois coverings of the plane, for example for the arrangemA3
in Fig. 1, there are Galois coveringsX → P2 branched alongA3 such thatX � P1 × P1,
or X is an abelian surface, a K3 surface, or a quotient of the two-ballB2 (see [9,8,17]).
Moreover, some line arrangements defined by unitary reflection groups studied in [1
related toA3 via orbifold coverings. For example, ifL is the line arrangement given by th
equation

xyz(x + y + z)(x + y − z)(x − y + z)(x − y − z) = 0

then the image ofL under the branched covering map[x : y : z] ∈ P2 → [x2 : y2 : z2] ∈ P2

is the arrangementA3, see [17] for details.
The standard tool for fundamental group computations is the Zariski–van Ka

algorithm [19,18], see [3] for a modern approach. We use a variation of this algo
developed in [16] for computing the fundamental groups of real line arrangemen
avoids lengthy monodromy computations. The arrangementsBn andCn discussed below
are of fiber type, so presentations of their fundamental groups could be easily fou
an extension of a free group by a free group. However, our approach has the adv
that it permits to capture the local fundamental groups around the singular points o
arrangements. The local fundamental groups are needed for the study of the singu
of branched ofP2 branched along these arrangements.

In Section 2 below, we give fundamental group presentations and prove some imm
corollaries. In Section 3 we deal with the computations of fundamental group presen
given in Section 2.

2. Results

Let C ⊂ P2 be a plane curve andB an irreducible component ofC. Recall that a
meridianµ of B in P2 \ C with the base point∗ ∈ P2 is a loop inP2 \ C obtained by
following a pathω with ω(0) = ∗ andω(1) belonging to a small neighborhood of a smoo
pointp ∈ B \ C, turning aroundC in the positive sense along the boundary of a small
∆ intersectingB transversally atp, and then turning back to∗ alongω. The meridianµ
represents a homotopy class inπ1(P2 \ C,∗), which we also call a meridian ofB. Any
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two meridians ofB in P2 \ C are conjugate elements ofπ1(P2 \ C) (see, e.g., [10, 7.5]),
e
given

ric

l

as

e an
hence the meridians of irreducible components ofC are supplementary invariants of th
pair(P2,C). These meridians are specified in presentations of the fundamental group
below, they will be used in orbifold-fundamental group computations in [17].

2.1. The arrangementAn

Theorem 1. LetAn := Q∪T1∪· · ·∪Tn be an arrangement consisting of a smooth quad
Q with n distinct tangent linesT1, . . . , Tn. Then

π1
(
P

2 \An

) �




τ1, . . . , τn,

κ1, . . . , κn

∣∣∣∣∣∣∣∣
κi = τiκi−1τ−1

i , 2 � i � n

(κiτi)
2 = (τiκi)

2, 1 � i � n[
κ−1

i τiκi , τj

] = 1, 1 � i < j � n

τn · · · τ1κ2
1 = 1


 (1)

whereκi are meridians ofQ andτi is a meridian ofTi for 1 � i � n. Local fundamenta
groups around the singular points ofAn are generated by〈κ−1

i τiκi, τj 〉 for the nodes
Ti ∩ Tj and by〈κi, τi〉 for the tangent pointsTi ∩ Q.

Part (i) of the corollary below is almost trivial. Part (ii) appears in [6], and part (iii) w
given in [4].

Corollary 2.

(i) One has: π1(P2 \A1) � Z.
(ii) The groupπ1(P2 \A2) admits the presentation

π1
(
P

2 \A2
) � 〈

τ, κ | (τκ)2 = (κτ )2〉, (2)

whereκ is a meridian ofQ andτ is a meridian ofT1. A meridian ofT2 is given by
κ−2τ−1.

(iii) The groupπ1(P2 \A3) admits the presentation

π1
(
P

2 \A3
) � 〈

τ, σ, κ | (τκ)2 = (κτ )2, (σκ)2 = (κσ )2, [σ, τ ] = 1
〉

(3)

where σ , τ are meridians ofT1 and T3 respectively, andκ is a meridian ofQ.
A meridian ofT2 is given by(κτκσ)−1.

A groupG is said to bebig if it contains a non-abelian free subgroup, andsmall if G is
almost solvable. In [6], it was proved by V. Lin that the group (2) is big. Below we giv
alternative proof:

Proposition 3. For n > 1, the groupπ1(P2 \An) is big.

Proof. A group with a big quotient is big. Sinceτn+1 is a meridian ofTn+1 in π1(P2 \
An+1), one has

π1
(
P

2 \An

) � π1
(
P

2 \An+1
)
/〈〈τn+1〉〉,
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and it suffices to show that the groupπ1(P2 \ A2) is big. In the presentation (2), applying

a
t

d

t

the change of generatorsα := τκ , β := τ gives

π1
(
P

2 \A2
) � 〈

α,β | [α2, β
] = 1

〉
.

Adding the relationsα2 = β3 = 1 to the latter presentation gives a surjectionπ1(P2 \
A2) � Z/(2) ∗ Z/(3). Since the commutator subgroup ofZ/(2) ∗ Z/(3) is the free group
on two generators (see [5]), we get the desired result.✷
2.2. The arrangementBn

Theorem 4. Let Bn := Q ∪ T1 ∪ T2 ∪ L1 ∪ · · · ∪ Ln be an arrangement consisting of
smooth quadricQ with n + 2 distinct linesT1, T2,L1, . . . ,Ln all passing through a poin
p /∈ Q such thatT1, T2 are tangent toQ. Then one has

π1
(
P

2 \Bn

) �

τ, κ,λ1, . . . , λn

∣∣∣∣∣∣
(κτ )2 = (τκ)2

[κ,λi ] = 1, 1 � i � n[
τ−1κτ,λi

] = 1, 1 � i � n


 (4)

whereτ is a meridian ofT1, λi is a meridian ofLi for 1 � i � n, andκ is a meridian ofQ.
A meridianσ of T2 is given byσ := (λn . . .λ1κ2τ )−1. Local fundamental groups aroun
the singular points ofBn are generated by〈κ,λi〉 and 〈τ−1κτ,λi〉 for the nodesLi ∩ Q,
by 〈κ, τ 〉 for the tangent pointT1 ∩ Q, and by〈κ,σ 〉 for the tangent pointT2 ∩ Q.

Corollary 5. (i) PutB′
n := Bn \ T1 andB′′

n := B′
n \ T2. Then

π1
(
P

2 \B′
n

) � π1
(
P

2 \B′′
n+1

) � 〈
κ,λ1, . . . , λn | [κ,λi] = 1, 1 � i � n

〉
. (5)

Proof. One hasπ1(P2 \B′
n) � π1(P2 \Bn)/〈〈τ 〉〉. Settingτ = 1 in presentation (4) gives

π1
(
P

2 \B′
n

) � 〈
κ,λ1, . . . , λn | [κ,λi ] = 1, 1 � i � n

〉
.

Settingτ = 1 in the expression for a meridianσ of T2 given in Theorem 4 shows tha
(λn . . .λ1κ2)−1 is a meridian ofT2 in π1(P2 \ B′

n). In order to findπ1(P2 \B′′
n), it suffices

to setλn . . .λ1κ2 = 1 in the presentation ofπ1(P2 \ B′
n). Eliminatingλn by this relation

yields the presentation

π1
(
P

2 \B′′
n

) � 〈
κ,λ1, . . . , λn−1 | [λi, κ] = [

λn−1 . . .λ1κ2, κ
] = 1

〉
.

Fig. 2. ArrangementsB2 andB′
2.
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Fig. 3. ArrangementsC3 andC′
3.

Since the last relation above is redundant, we get the desired isomorphismπ1(P2 \ B′′
n) �

π1(P2 \B′
n+1). ✷

Note that the groupsπ1(P2 \ B′′
i ) are abelian fori = 0,1,2. Hence, the group

π1(P2 \ B′
i ) are abelian fori = 0,1. Otherwise, settingκ = 1 in presentation (5) give

the free group onn − 1 generators, which shows that these groups are big. The g
π1(P2 \ Bn) are always big, since the arrangementB0 is same asA2, andπ1(P2 \ A2) is
big by Proposition 3.

2.3. The arrangementCn

Theorem 6. Let Cn := Q ∪ T ∪ L1 ∪ · · · ∪ Ln be an arrangement consisting of a smoo
quadricQ with n + 1 distinct linesT ,L1, . . . ,Ln, all passing through a pointp ∈ Q such
that T is tangent toQ. Then one has

π1
(
P

2 \ Cn

) � 〈
κ,λ1, . . . , λn | [κ,λi ] = 1, 1 � i � n

〉
, (6)

whereκ is a meridian ofQ andλi is a meridian ofLi for 1 � i � n. A meridianτ of T is
given byτ := (λn . . .λ1κ2)−1. Local fundamental groups around the singular points ofCn

are generated by〈κ,λi〉 for the nodesLi ∩ Q, and by〈τ,λ1, . . . , λn, κ〉 for the pointp.

Note that the arrangementCn is a degeneration (in the sense of Zariski) of
arrangementB′

n as the pointp approaches toQ. By Zariski’s “semicontinuity” theorem o
the fundamental group [19] (see also [5]), there is a surjectionπ1(P2 \ Cn) � π1(P2 \B′

n).
In our case, this is also an injection:

Corollary 7.

(i) π1(P2 \B′
n) � π1(P2 \ Cn).

(ii) PutC ′
n := Cn \ T . Thenπ1(P2 \ Cn) � π1(P2 \ C ′

n+1).

Proof. Part (i) is obvious. The proof of part (ii) is same as the proof of Corollary 5, (ii).✷
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It is easily seen that any two arrangementsAn with fixedn are isotopic. In particular, th
groupsπ1(P2 \ An) are isomorphic. Hence one can take as a model of the arrange
An the quadricQ defined byx2 + y2 = z2, where[x : y : z] ∈ P2 is a fixed coordinate
system inP2. Pass to the affine coordinates inC2 � P2 \ {z = 0}. Choose real number
x1, . . . , xn such that−1 < x1 < x2 < · · · < xn < 0, and defineyi to be the positive solution
of x2

i + y2
i = 1 for 1� i � n. Putti := (xi, yi) ∈ Q, and takeTi to be the tangent line toQ

at the pointti (see Fig. 4).
Let pr1 :C2\An → C be the first projection. The base of this projection will be deno

by B. PutFx := pr−1
1 (x), and denote byS the set of singular fibers of pr1. It is clear that if

Fx ∈ S, thenx ∈ [−1,1]. There are three types of singular fibers:

(i) The fibersF1 andF−1, corresponding to the ‘branch points’(−1,0) and(1,0).
(ii) The fibersFxi (1 � i � n) corresponding to the ‘tangent points’ti = (xi, yi) = Ti ∩Q.
(iii) The fibers Fai,j (1 � i �= j � n) corresponding to the nodesni,j = (ai,j , bi,j ) :=

Ti ∩ Tj . One can arrange the linesTi such that

−1 < x1 < a1,2 < a1,3 < · · · < a1,n < x2 < a2,3 < · · · < xn < 1.

Identify the baseB of the projection pr1 with the line y = −2 ⊂ C2. Let N be the
number of singular fibers and let−1 = s1 < s2 < · · · < sN−1 < sN = 1 be the elements o
S ∩ B (so thats2 = x1, s3 = a1,2, s4 = a1,3, and so on). InB, take small discs∆i around
the pointssi , and denote byci , di (ci < di ) the points∂∆i ∩ R for 1 � i � N (see Fig. 5).

Put B1 := [c1, c2] ∪ ∆1 and for 2� i � N let Bi := [c1, ci+1] ∪ ∆1 ∪ · · · ∪ ∆i . Let
Xi := pr−1(Bi) be the restriction of the fibration pr toBi . Let

Ai := ∆i ∪ ∂
({�(z) � 0, c2 � �(z) � ci

} \ (∆2 ∪ ∆3 ∪ · · · ∪ ∆i−1)
)

and letYi := pr−1(Ai) be the restriction of the fibration pr toAi (see Fig. 6).
Clearly, Xi = Xi−1 ∪ Yi for 2 � i � N . We will use this fact to compute the grou

π1(Xi,∗) recursively, where∗ := (c2,−2) is the base point. For details of the algorith
we apply below, see [16].

Fig. 4.
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y

Fig. 5. The baseB.

Fig. 6. The spaceAi .

Fig. 7.

Identify the fibers of pr1 with F0 via the second projection pr2 : (x, y) ∈ C2 → y ∈ C.
In each oneof the fibersFci (respectivelyFdi ) take a basis forπ1(Fci ,−2) (respectively
for π1(Fdi ,−2)) as in Fig. 7 (forFdi , just replaceγ ’s by θ ’s in Fig. 7). We shall denote

these basis by the vectorsΓi := [γ (i)
1 , . . . , γ

(i)
n+2] (respectivelyΘi := [θ(i)

1 , . . . , θ
(i)
n+2]).

Let νi ⊂ Bi ⊂ B be a path starting atνi(0) = c2, ending atνi(1) = ci and such that

νi

([0,1]) = ∂
({�(z) � 0, c2 � �(z) � ci

} \ (∆2 ∪ ∆3 ∪ · · · ∪ ∆i−1)
)
.

Similarly, let ηi ⊂ Bi ⊂ B be a path starting atη(0) = c2, ending atη(0) = di and such
that

ηi

([0,1]) = ∂
({�(z) � 0, c2 � �(z) � di

} \ (∆2 ∪ ∆3 ∪ · · · ∪ ∆i)
)
.

For 2� i � N and 1� j � n + 2 each loopγ̃ (i)
j := νi · γ

(i)
j · ν−1

i represents a homotop

class inπ1(Xi,∗), where∗ := (c2,−2) is the base point. Similarly, each loop̃θ(i)
j :=

ηi · θi · η−1
i represents a homotopy class inπ1(Xi,∗). DenoteΓ̃i := [γ̃ (i)

1 , . . . , γ̃
(i)
n+2], and

Θ̃i := [θ̃ (i)
1 , . . . , θ̃

(i)
n+2].
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It is well known that the groupπ1(Yi,∗) has the presentation

lar

s

y

〈
γ̃

(i)
1 , . . . , γ̃n+2 | γ̃

(i)
j = Mi

(
γ̃

(i)
j

)
, 1 � j � n + 2

〉
(7)

whereMi : π1(Fci ,−2) → π1(Fci ,−2) is the monodromy operator around the singu
fiber abovesi . It is also well known that if it is the branches ofAn corresponding to
the loopsγ̃

(i)
k and γ̃

(i)
k+1 that meet abovesi , then the only non-trivial relation in (7) i

γ̃
(i)
k = γ̃

(i)
k+1 in case of a branch point,[γ̃ (i)

k , γ̃
(i)
k+1] = 1 in case of a node, and(γ̃ (i)

k γ̃
(i)
k+1)2 =

(γ
(i)
k γ

(i)
k+1)2 in case of a tangent point.

Now suppose that the groupπ1(Xi−1,∗) is known, with generators̃Γ2. Recall that
Xi = Xi−1 ∪ Yi . In order to find the groupπ1(Xi,∗), one has to express the basẽΓi in
terms of the basẽΓi . Adding to the presentation ofπ1(Xi−1) the relation obtained b
writing the relation ofπ1(Yi) in the new base then yields a presentation ofπ1(Xi). Note
that, since the spaceYi is eventually glued toXi−1, it suffices to find an expression of̃Γi

in terms of the basẽΓ2 in the groupπ1(Xi−1,∗).
Since all the points ofAn above the interval[di−1, ci] are smooth and real, one has

Fact. The loopsθ̃
(i−1)
j and γ̃

(i)
j are homotopic inXi (or in Yi) for 2 � i � N and

1 � j � n + 2. In other words, the bases̃Θi−1 andΓ̃i are homotopic.

In order to express the basẽΘi in terms of the basẽΓi the following lemma will be
helpful.

Lemma 8. Let Ck: x2 − yk+1 = 0 be an Ak singularity, wherek = 1 or k = 3. Put
D := {(x, y): |x| � 1, |y| � 1} and let pr1 := (x, y) ∈ D \ Ck → (x,−1) be the first
projection. Denote byFx the fiber ofpr1 above(x,−1). Identify the fibers ofpr1 via the
second projection. Let−1 < c < 0 be a real number, and putd := −c. In Fc (respectively
in Fd) take a basisΓ := [γ1, γ2] for π1(Fc,−1) (respectively a basisΘ := [θ1, θ2] for
π1(Fd,−1)) as in Fig. 8. Let η be the pathη(t) := ceπ it , and putθ̃i := η · θ · η−1 for
i = 1,2. Thenγi , θ̃i are loops inD \ Ck based at∗ := (c,−1), and one has

(i) If k = 1, then θ̃1 is homotopic toγ2, and θ̃2 is homotopic toγ1, in other words,
Θ̃ = [γ2, γ1].

(ii) If k = 3, thenΘ̃ = [γ2γ1γ −1
2 , γ −1

1 γ2γ1].

Fig. 8.
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Fig. 9.

Proof. Sinceπ1(D \ C2) is abelian, part (i) is obvious. For part (ii), note that the po
of intersectionFη(t) ∩ C4 arey1 := c2e2π it andy2 := −c2e2π it . Hence, when we move th
fiber Fc over Fd along the pathη, y1 andy2 make one complete turn around the orig
in the positive sense. The loopsγ1, γ2 are transformed to loopsγ 1, γ 2 ⊂ Fd as in Fig. 9.
It follows that the loopη · γ i · η−1 is homotopic toγi for i = 1,2. This homotopy can
be constructed explicitly as follows: LetΦη(t) : Fc → Fη(t) be the corresponding Leftsche
homeomorphism (see [11]). Then

H(s, t) :=




η(3s), 0� s � t/3,

Φη(t)

(
γi

(
3(s − t/3)/(3− 2t)

))
, t/3 � s � 1− t/3,

η
(
3(1− s)

)
, 1− t/3 � s � 1

gives a homotopy betweenγi andγ i . Expressing̃θi in terms ofγ i , we get

θ̃1 = γ −1
1 γ −1

2 γ 1γ 2γ 1 = γ −1
1 γ −1

2 γ1γ2γ1,

θ̃2 = γ −1
1 γ 2γ 1 = γ −1

1 γ2γ1.

Since from the monodromy one has the relation(γ1γ2)2 = (γ2γ1)2, the expression for̃θ1
can be simplified to get̃θ1 = γ2γ1γ −1

2 . ✷
Now we proceed with the computation of the groupsπ1(Xi). Clearly, the groupπ1(X2)

is generated by the base

Γ̃2 = [
γ

(2)
1 , γ

(2)
2 , . . . , γ

(2)
n+2

]
with the only relations

γ
(2)
1 = γ

(2)
2 (8)

and (
γ

(2)
2 γ

(2)
3

)2 = (
γ

(2)
3 γ

(2)
2

)2
. (9)

Put

[κ1, κ1, τ1, . . . , τn] := Γ2.

Then relation (9) becomes

(κ1τ1)2 = (τ1κ1)2. (10)
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By Lemma 8 and the above Fact, one has

e

Γ̃3 = Θ̃2 = [
κ1, τ1κ1τ−1

1 , κ−1
1 τ1κ1, τ2, . . . , τn

]
.

Sinces3 corresponds to the nodeT1 ∩ T2, the next relation is[
κ−1

1 τ1κ1, t2
] = 1. (11)

Hence,

π1(X3,∗) � 〈
κ1, τ1, . . . , τn | (κ1τ1)2 = (τ1κ1)2,

[
κ−1

1 τ1κ1, τ2
] = 1

〉
.

By Lemma 8, one has

Γ̃4 = Θ̃3 = [
κ1, τ1κ1τ−1

1 , τ2, κ−1
1 τ1κ1, τ3, . . . , τn

]
.

Sinces4 corresponds to the nodeT1 ∩ T3, one has the relation[
κ−1

1 τ1κ1, τ3
] = 1.

Hence,

π1(X4,∗) � 〈
κ1, τ1, . . . , τn | (κ1τ1)2 = (τ1κ1)2,[

κ−1
1 τ1κ1, τ2

] = [
κ−1

1 τ1κ1, τ3
] = 1

〉
.

By Lemma 8, one has

Γ̃5 = Θ̃4 = [
κ1, τ1κ1τ−1

1 , τ2, τ3, κ−1
1 τ1κ1, τ4, . . . , τn

]
.

Since sk corresponds to the nodeT1 ∩ Tk−1 for 2 � k � n + 1, repeating the abov
procedure gives the presentation

π1(Xn+1,∗) � 〈
κ1, τ1, . . . , τn | (κ1τ1)2 = (τ1κ1)2,

[
κ−1

1 τ1κ1, τk

] = 1, 2� k � n
〉

and

Γ̃n+2 = Θ̃n+1 = [
κ1, κ2, τ2, τ3, . . . , τn, κ−1

1 τ1κ1
]
,

where we putκi+1 := τiκiτ
−1
i for 1 � i � n − 1.

The next pointsn+2 corresponds to the tangent pointT2 ∩ Q. This gives the relation

(κ2τ2)2 = (τ2κ2)2 (12)

and

Γ̃n+2 = Θ̃n+1 = [
κ1, τ2κ2τ−1

2 , κ−1
2 τ2κ2, τ3, . . . , τn, κ−1

1 τ1κ1
]
.

Now comes then − 2 pointssk corresponding to the nodesT2 ∩ Tk−n for n + 3 � 2n + 1.
These give the relations[

κ−1
2 τ2κ2, τk

] = 1, 3 � k � n.

Hence, one has

π1(Xn+1,∗) � 〈
κ1, κ2, τ1, . . . , τn | κ2 = τ1κ1τ−1

1 , (κiτi)
2 = (τiκi)

2,[
κ−1

i τiκi, τk

] = 1, i < k � n, i = 1,2
〉
.
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We proceed in this manner until the last singular fibersN . Since this is a branch point, the

tion
rding
of

are
final relation is

κn = κ1. (13)

This gives the presentation

π1(XN ,∗) �


τi, κi, 1 � i � n

∣∣∣∣∣∣∣∣
κi = τiκi−1τ−1

i , 2 � i � n

(κiτi )
2 = (τiκi)

2, 1 � i � n[
κ−1

i τiκi, τj

] = 1, 1 � i < j � n

κ1 = κn


 . (14)

Adding to this presentation ofπ1(XN ,∗) the projective relationτn · · · τ1κ2
1 = 1 gives the

presentation

π1
(
P

2 \An

) �


τi, κi, 1 � i � n

∣∣∣∣∣∣∣∣
κi = τiκi−1τ−1

i , 2 � i � n

(κiτi)
2 = (τiκi)

2, 1 � i � n[
κ−1

i τiκi, τj

] = 1, 1� i < j � n

τn . . . τ1κ2
1 = 1, κ1 = κn


 . (15)

Note that the relationκ1 = κn is redundant. Indeed, sinceκi = τiκi−1τ−1
i , one has

κn = (τn . . . τ1)κ1(τn . . . τ1)−1. (16)

But τn . . . τ1 = κ−2 by the projective relation. Substituting this in (16) yields the rela
κ1 = κn. This finally gives the presentation (1) and proves Theorem 1. Claims rega
the local fundamental groups around the singular points ofAn are direct consequences
the above algorithm.

3.1. Proof of Corollary 2

(i) The arrangementA1. Writing down the presentation (1) explicitly forn = 1 gives

π1
(
P

2 \A1
) �

{
κ1, τ1

∣∣∣∣ (κ1τ1)2 = (κ1τ1)2

t1κ2
1 = 1

}
.

Eliminatingτ1 from the last relation shows thatπ1(P2 \ A1) � Z.

(ii) The arrangementA2. Writing down the presentation (1) explicitly forn = 2 gives

π1
(
P

2 \A2
) �




κ1, κ2, τ1, τ2

∣∣∣∣∣∣∣∣∣∣

(1) κ2 = τ1κ1τ−1
1

(2) (κ1τ1)2 = (τ1κ1)2

(3) (κ2τ2)2 = (τ2κ2)2

(4)
[
κ−1

1 t1κ1, t2
] = 1

(5) τ2τ1κ2
1 = 1




.

Eliminating κ2 by (1) andτ2 by (5) one easily shows that the relations (3) and (4)
redundant. This leaves (2) and gives the desired presentation.
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(iii) The arrangementA3. Writing down the presentation (1) explicitly forn = 3 gives

(6)
π1
(
P

2 \A3
) �




κ1, κ2, κ3,

τ1, τ2, τ3

∣∣∣∣∣∣∣∣∣∣∣

(1) κ2 = τ1κ1τ−1
1 (2) κ3 = (τ2τ1)κ1(τ2τ1)−1

(3) (κ1τ1)2 = (τ1κ1)2 (4) (κ2τ2)2 = (τ2κ2)2

(5) (κ3τ3)2 = (τ3κ3)2 (6)
[
κ−1

1 τ1κ1, τ2
] = 1

(7)
[
κ−1

1 τ1κ1, τ3
] = 1 (8)

[
κ−1

2 τ2κ2, τ3
] = 1

(9) τ3τ2τ1κ2
1 = 1




.

Eliminateκ2 by (1), κ3 by (2), andτ2 by (9). It can be shown that the relations (4),
and (8) are consequences of the remaining relations. The relation (5) becomes(κ1τ3)2 =
(τ3κ1)2. This gives the presentation

π1
(
P

2 \A3
) � 〈

κ1, τ1, τ3 | (κ1τ1)2 = (τ1κ1)2,

(κ1τ3)2 = (τ3κ1)2,
[
κ−1

1 τ1κ1, τ3
] = 1

〉
.

Finally, putκ := κ1, τ := κ−1
1 τ1κ1 andσ := τ3. Thenτ1 = κτκ−1, and the first relation

in the above presentation becomes(κ2τκ−1)2 = (κτ )2 �⇒ (κτ )2 = (τκ)2. This gives the
desired presentation.

4. The arrangement Bn

As in the case of the arrangementsAn, it is readily seen that arrangementsBn are all
isotopic to each other for fixedn, so one can computeπ1(P2 \ Bn) from the following
model forBn’s (see Fig. 10): The quadricQ is given by the equationx2 + y2 = 1, andp

is the point(2,0). The linesLi intersectQ above thex-axis.
The projection to thex-axis has four types of singular fibers:

Fig. 10.
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(i) The fibersF1 andF−1, corresponding to ‘branch points’.

the

a
hen
(ii) The fiber Fx corresponding to the ‘tangent points’(x, y) = t1 := T1 ∩ Q and
(x,−y) = t2 := T2 ∩ Q.

(iii) The fibersFa1, . . . ,Fan (−1 < an < · · · < a1 < x) corresponding to the nodesLi ∩ Q

lying on the right of the tangent points and the fibersFb1, . . . ,Fbn (x < b1 < · · · <

bn < 1) corresponding to the nodesLi ∩ Q lying on the left of the tangent points.
(iv) The fiberF2, corresponding to the pointp.

In order to find the groupπ1(P2 \ Bn), we shall apply the same procedure as in
computation ofπ1(P2 \ An). Let y ∈ R be such that−1 < y < an, and takeFy to be
the base fiber. Lets1 := −1, si+1 := bi for 1 � i � n, sn+2 := x, sn+2+i := an+1−i for
1 � i � n, ands2n+3 := 1, ands2n+4 = 2. Take a basis

Γ̃2 := [τ, κ1, κ2, λ1, . . . , λn, σ ]
for Fy as in Fig. 7.

Sinces1 corresponds to a branch point, one has the relationκ1 = κ2. Putκ := κ1 = κ2.
The points2 is a node, and yields the relation[κ,λ1] = 1, and one has

Γ̃3 = [τ, κ,λ1, κ, λ2, . . . , λn, σ ].
Repeating this for the nodess3, . . . , sn+1 gives the relations[κ,λi] = 1 for 1� i � n, and
one has

Γ̃n+2 = [τ, κ,λ1, . . . , λn, κ, σ ].
The monodromy around the fiberFx gives the relations(τκ)2 = (κτ )2 and(σκ)2 = (κσ )2.
One has

Γ̃n+3 = [
κτκ−1, τ−1κτ,λ1, . . . , λn, σκσ−1, κ−1σκ

]
.

Since the pointssn+3, . . . , s2n+2 corresponds to nodes, one has the relations[λi, σκσ−1] =
1, and

Γ̃2n+3 = [
κτκ−1, τ−1κτ,σκσ−1, λ1, . . . , λn, κ−1σκ

]
.

The branch point corresponding tos2n+3 yields the relation

τ−1κτ = σκσ−1.

Together with the projective relationσλn . . .λ1κ2τ = 1 these relations already gives
presentation ofπ1(P2 \ Bn), since one can always ignore one of the singular fibers w
computing the monodromy (see [16]).

We obtained the presentation

π1
(
P

2 \Bn

) �




Λ,τ, κ,λ1, . . . , λn, σ

∣∣∣∣∣∣∣∣∣∣∣∣

(1) (κτ )2 = (τκ)2

(2) (κσ )2 = (σκ)2

(3) τ−1κτ = σκσ−1

(4) [κ,λi] = 1 1� i � n

(5)
[
σκσ−1, λi

] = 1 1� i � n

(6) σλn . . .λ1κ2τ = 1




.
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PutΛ := λn . . . λ1. Eliminatingσ by (7), it is easily seen that (3) is redundant. Relation (2)

gular

t

])

.

becomes(
Λκ2τκ−1)2 = (

κ−1Λκ2τ
)2 �⇒ [

τ−1κτ,Λ
] = 1.

But this relation is a consequence of (4), so that (2) is also redundant. Sinceτ−1κτ =
σκσ−1 by (3), the relation (5) can be written as[τ−1κτ,λi] = 1. This gives the
presentation (4) and proves Theorem 4.

5. The arrangement Cn

In order to compute the group, consider the model ofCn shown in Fig. 11, whereQ is
given byx2 + y2 = 1. Suppose that the second points of intersection of the linesLi with
Q lie above thex-axis. As in the previous cases, take an initial base

Γ̃2 := [κ1, κ2, λ1, . . . , λn, τ ].
The relation induced by the branch point isκ1 = κ2 =: κ . The nodes ofCn will give the
relations[κ,λi ] = 1 for 1� i � n, and one has

Γ̃n+2 = [κ,λ1, . . . , λn, κ, τ ].
One can simplify the computation of the monodromy around the complicated sin
fiber as follows: PutΛ := λn . . . λ1. By the projective relation one hasτΛκ2 = 1 �⇒ τ =
κ−2Λ−1. Hence,[κ, τ ] = 1. Since we also have[κ,λi ] = 1 for 1� i � n, this means tha
when computing the monodromy around this fiber, one can ignore the branchQ. This
leavesn + 1 branches intersecting transversally, and the induced relation is (see [16

[τΛ,λi] = [τΛ, τ ] = 1, (17)

and one has

Γ̃n+3 = [κ, κ, . . .].
The last relation induced by the branch point yields the trivial relationκ = κ , as expected

Fig. 11.
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Eliminatingτ shows that the relations (17) are redundant and gives the presentation
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60.
π1
(
P

2 \ Cn

) � 〈
κ,λ1, . . . , λn | [λi, κ] = 1

〉
. ✷
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